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Matrix Factorization-Based Target Localization via Range
Measurements With Uncertainty in Transmit Power

Xiaojun Mei

Abstract—In this letter, received signal strength (RSS)- based
target localization with uncertainty in transmit power (UTP)
is studied. First, the localization-based alternating nonnegative
constrained least squares (ANCLS) framework is conducted.
A two-phase optimization method, i.e., a matrix factorization-
based min-max strategy (MFMM), is then presented to figure
out the solution. The first phase of optimization is based on
a matrix factorization approach, i.e., active set method (ASM).
However, ASM may drop to a local minimum. Therefore, a min-
max strategy based on a Taylor linearization approximation is
involved in the second phase, where the objective is split into
a convex quadratic and a concave term. The target position
and UTP are refined simultaneously in the iteration via solving
a sequence of convex problems, in which the solution obtained
by ASM is to be the initiation. Additionally, to evaluate the effec-
tiveness of MFMM, both the computational complexity and the
Cramer-Rao lower bound (CRLB) are analyzed. Simulations are
carried out to illustrate the outperformance, compared with other
state-of-the-art methods in different scenarios.

Index Terms—Received signal strength (RSS), min-max strat-
egy, target localization, nonnegative matrix factorization (NMF),
uncertain transmit power, Cramer-Rao lower bound (CRLB).

I. INTRODUCTION

ARGET localization has been drawn much attention in
both military and industrial applications [1], where the
data collected by sensors or other facilities are meaningful only
when the latter is appropriately geo-referenced [2]. Together
with the benefit of cost-effective and synchronization-
free among the localization techniques, received signal
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strength (RSS) has attracted researchers to explore in the lit-
erature compared with time of arrival (TOA), time difference
of arrival (TDOA), and angle of arrival (AOA) [3]. A con-
siderable body of research has been done concerning target
localization using RSS measurements [4]-[12], which drives
a notable advance to target localization [13], [14].

Nevertheless, it is worth noting that most research is stud-
ied in the assumption of known transmit power (TP), which
is not practical in many situations. Therefore, various subop-
timal estimators have been derived for the unknown transmit
power (UTP) case, for instance, [4], [7], [9]. Notwithstanding,
either of them may have poor performance or surfer high com-
putational complexity. This leads to the motivation of this
letter, where a computationally light method, i.e., a matrix
factorization-based min-max strategy (MFMM), is proposed
on the premise of localization accuracy. The localization
problem is solved under an alternating nonnegative con-
strained least squares (ANCLS) framework, wherein an active
set method (ASM) incorporated with a min-max strategy
is developed to acquire the optimum and improve the
performance.

The main contributions of this letter could be concluded
as two parts: 1) An ANCLS framework is conducted to
avoid a substantial computational complexity due to the
absence of TP and the characteristic of highly non-convex
in the problem. 2) A two-phase optimization method, i.e.,
MFMM, is presented to solve the problem, wherein the
first is in the ASM, and the second is in the min-max
strategy.

II. PROBLEM FORMULATION

Consider a k-dimensional (k = 2 or 3) sensor network with
M anchor nodes that are aware of their positions and a tar-
get whose position needs to be determined. The position of
the target is © = [1,...,43] ", and the position of the i*®
anchor node is a; = [aih...,aik]T, wherein 1 = 1,..., M
and T represents the transpose operation. We assume that the
target could transmit the radio signal with RSS information to
anchors, of which the signal is modeled as [5]

r— a;
P, = Py — 10alogqg u +n;

1
7 (D

where P.; denotes the received signal power of the it™ anchor
node from the target, dy is a reference distance ( ||z — a;|| >
dp), Py is the transmit power of the target in terms of dy, «
represents the path loss exponent, || - || is the ¢2 norm, and 7;
is the measurement noise modeled as Gaussian distribution:
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III. PROPOSED LOCALIZATION APPROACH
A. ANCLS Framework

Given the observation vector P = [P;]T, the probability
density function (PDF) under UTP is given as

2
(Prrvi—Po-‘rlOa log1o ”z;f"”)

T
i:l_[l \/271'0'12 P 20'1-2

p(Plz, Po) =

- (@

By maximizing the joint PDF, the maximum likeli-
hood (ML) estimator of x and P is derived as

M (p._ llz—ail)?
) Pri—Po+10alogyo—
F(:i:, Po) = arg min E 3

z 207

However, it is quite challenging to solve the problem in the
absence of TP with a substantial computational complexity
due to its highly non-convex. In this case, we develop a novel
method with less computation under the ANCLS framework.

Firstly, a transformation is derived by applying the simple
manipulations from (1) when the noise power is sufficiently
small [4].

. 3)

10" = || — a4,

Po—Py;
10

“4)

where p; = o
Given the assumption that o; = o, the problem in (3) could
be converted into (5).

M
argmin y (dgl0" — ||z — ;). (5)

1=1

Further transformation after squaring range is derived as

M
2
argminZ(d&lOQ“i —x+2alx— Hai||2) ,  (6)
Toi=1
_ 2
where x = [|z]||“.
P
Let 0 = [z1,..., g, 1050 ,Xx] Dbe the estimated parameter.
Then, the problem in (6) is transformed into (7).
arg min|| A6 — BHQ, @)
>0
where
7PT‘
2¢7 42107 —1 a1 ||
A= : : , B = : 3
-P, 2
20, d2107m -1 lan|

With the constraint of 6, i.e., # > 0, which would be
released in part C with a min-max strategy, the original
problem in (3) could be reshaped to the ANCLS framework
with a single right-hand side (RHS) vector [15].

B. ASM

ASM is a mathematically rigorous method for ANCLS,
which could achieve a relatively high accuracy solution within
a finite number of iterations compared with others [16]. In
this part, ASM is introduced to solve the RSS localization-
based ANCLS.
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Algorithm 1 First Phase of MFMM
1. Initiation: 6 = 0(k+2)><1’ U={12,....,k,k+1,k+2},

C=0,0=AT(B- A0)

2.If(U#0Qand 35 € U with w; > 0) do
Find an index ¢ € U subject to wg = maz{w; : j € U}
Move the index g from the set U to the set C
Figure out the solution of (9) defined by (10)
If (zj <0 for any j € C) do

Find an index t € C with (11)

Move from the set C to the set U for all indices

J € C such that 6; =0
9. Figure out the solution of (9) defined by (10)

PNAN R W

10. End
11. 0:zanda):AT(B—A0)
12. End

Let f ={1,2,...,k, k+ 1,k + 2} be the set, wherein each
value indexes the columns of A and the rows of @, and two
subsets of A named the active set U and the passive set C,
where UU C' = f.

Suppose there exist a vector r € R(+2)x1 and a partition
of the integers 1 through (k + 2) into subsets U and C with
subject to » = AT (A# — B), of which the dual vector can
be expressed as @ = —r = AT (B — A#). The algorithm
contains an outer loop and an inner loop. In what concerns
the outer loop step, we should figure out the solution of (9).

argmin||Agsz — B, 9
z
where A is the M x (k + 2) matrix defined by (10),
‘ _ J column j of A4, if jeC
column j of Ag = {07 ifje U (10)

Jj denotes the value of the set C, and z is the potential solution,
a (k + 2) x 1 vector, in (9).

Besides, in the outer loop, we need to find an index ¢ € U
subject to wy = mazr{w; : j € U}, and move the index ¢
from the set U to the set C.

In the inner loop, the new index ¢ € (' needs to be acquired

by (11).

0:/(0¢ — z¢) = min{oj'/(oj'—z]') 12;<0,5 € C},
B=0:/(0t—z1),
z=0+p(z—-9). (11)
With the exchange process from the set C to the set U for
all indices j € C such that 0 = 0(; 2,1, the new solution
of (9) is obtained. The whole procedure could be concluded
in Algorithm 1.

C. Min-Max Strategy

However, ASM performs well only the constraint is satis-
fied, for instance, falling on the first quadrant of a Cartesian
coordinate system in 2-Dimension (k = 2). Otherwise, the
solution may drop in a local optimum, referred to as Fig. 1.
Thus, a min-max strategy is presented to drive the local opti-
mum to approach the global optimum, where the start point
is the solution acquired by ASM.
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e Min-max strategy(second phase of MEMM) *
- 4 - ASM(first phase of MFMM)
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Fig. 1. Convergence analysis where the target x = [—3, 4}T and anchors
= 2,47, ay = 597, a3 = [-3,-2]T, ay = [6,2]T, and
a5 = [—2,4]T respectively.

Recall the problem in (5), it could be expressed as (12) after
dropping the constant item [17].

M
argminZ(Haz — a;|? — 2dp10%i ||z — aiH). (12)

x, Py i—1

Further, a surrogate function is acquired as

M
S, Po) Zl\fc a*+ (—2Zd010“"|$—aill>, (13)

i=1
f(z)

where the former is convex, and the latter is concave.

Geometrically, the concave function g(x) has an upper
bound by linearization at zZ , wherein Z is the number of
iteration, via first-order Taylor expansion' [18].

g(z) < g(ﬂJZ) +V g(mZ)T<:1: - mz).

Thus, by maximizing g(x), the objective S(z|z%, P¢) is
conducted as

S(m’a:Z,POZ) = i/[:(maiHZ—ZdolO“Z z?
- 22 dglO/“ sz )i (a:fmz). (15)

9(z)

(14)

=1

Here, we fix Py obtained from ASM as P0 , and the update
rule for zZ+1 as shown in (16).

27 MZ<a, dy10M (HZ “)HT> (16)

Z+1 POZ+1

After we obtain x could be derived.

M Z+1
1 — .
Vi Z <1Og10 w + Pri) . 7)

i=1

PEtt =10

Two conditions should be satisfied in terms of the con-
vergence: 1) The objective S(x, Py) is bounded below;

It should be noted that (14) holds when ||z — zZ|| is in a trust
region [19], [20], i.e., |& — x4 | < Az, where Az > 0 is the trust region
bound at the Z*" iteration.
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Algorithm 2 Second Phase of MFMM
1. Input:  and Py obtamed from Algorithm 1
. Initiation: ! + z, PO +— Ppand Z + 1
. While (Z < I) do
Update g2t according to (16)
Update pa+l according to (17)
End while
Output: = z! and Py Pg

NO U R W

2) The objective is non-increasing, i.e., S(zZ*!, POZ"H) <
S(zZ, PZ), and convergences to a limit S*.

We firstly use y = [z, Po] T 10 be the estimated parameters
in the function.

Proof 1): According to the formula (13), one has S(y) +
SM d210% > 0, ie, S(y) > — M, d210%%, which
proves the first condition: The function is bounded below. B

Proof 2): S(x,Py) is a surrogate function comprised of
a convex term and a concave term. Therefore, the function
has an upper bound property that

S(rlr?) = st = 5(r7p ") = 5(r7)
Because
S(y|r?)-50) = 9(r %)+ 9 (v?) (r-r7)~9(r). (19)
where ¢(-) is the concave term of the function.
Assume ¢ = S(y|y%) — S(y), apparently, ¢ is convex due
to the component of an affine function plus a convex term.

Thus, V(;S\y:y z = 0. Then the function is non-increasing and
convergence to a limit point, i.e.,

St < SEZtty?) —cf<Ssp?ly?) - (20)

where ¢Z = S(yZ|y?) — S(y?). |

Let the maximum number of iterations be I, the pseudocode
and the convergence analysis are shown in Algorithm 2 and
Fig. 1, respectively.

(18)

A<8p?) =57,

D. Cramer-Rao Lower Bound (CRLB) and Complexity
Analysis

1) CRLB: In this part, CRLB is conducted in terms of the
RSS model to provide the benchmark [21].

The CRLB could be indicated as the trace of the inverse of
the Fisher information matrix (FIM), i.e.,

—1
OF OF
LB 2 Tr(FIM™Y) = Tr “ = 21
CR 7"( ) (ao) <80> » 2D
where > = 02, and
OF (. wmi—ai T — ik e 10a
aef<5 le—al ¢ Teaill )W“hg*lnlo||:c—ain'

Therefore, FIM could be rewritten as

M

2
2(3“‘17“7:1)
N EErAE

=1

M M
. 21 — 1) (o, — a4p) T — a1
L el H°

i=1 1 H”’“z”

FIM=x""

252('”1 \M)(T]ﬁ ag) Zgzﬁk “;7?2 %5' -
|z—a z—a =1

Zf“‘l i1 Zglxk*“?k M

z—a;||
H i i=1
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TABLE I
SUMMARY OF THE CONSIDERED METHODS
Method Complexity
SRWLS [4] 0 (IM)
RNLA [5] O (IM)
LS [12] 0 (M)
RSS-SDP [9] 0 (M>)
MFMM (proposed) O (M+])
é
Fig. 2. RMSE for x and Py versus variable o with SNR = 40dB and
8 anchors.

2) Computational Complexity: In MFMM, the ASM is
the process of solving the LS problem, whose computational
complexity is linear in M. Suppose [ is the maximum num-
ber of iterations in the min-max strategy, the computational
complexity of MFMM is O (M + I). Assume the worst com-
putational complexity, Table I provides a summary of the
considered algorithms, including squared range weighted least
square (SRWLS) in [4], robust localization algorithm (RNLA)
in [5], least square (LS) in [12] and RSS-based semidefinite
programming (SDP) in [9].

IV. NUMERICAL SIMULATION

In this section, several simulations are carried out to eval-
uate the performance of MFMM. All algorithms are executed
in MATLAB with 2-Dimension (k = 2). The position of
the target and the anchor nodes are deployed randomly at
each Monte Carlo trial. The maximum number of iterations
I = 1000, dy = 1 m, and the area is 35 x 35 m in the simula-
tion. As the calibration for the performance, root mean square
error (RMSE) is conducted.

1 M 1 M¢ 9
RMSEposition = | ~—= t—x)%, RMSE =, |— (f:) 7p) ;
posit MCMZZI @—=) uTP MCMZI 0 0

(23)

where MC is the number of Monte Carlo trials (we set 1000 in
the simulations), Z and P are the estimates, and nu is the index
of MC.

When it comes to the simulations of the cumulative dis-
tribution function (CDF) of the algorithms and RMSE versus
variable «, SNR, and anchors, the signal-noise ratio (SNR)
holds SNR = 10-logyo(||z — a;||/(Mc?)) [4], referred to as
Fig. 1 to Fig. 5. However, to study the adverse effect of noise
on localization intuitively, the relationship between SNR and
o2 does not hold in the simulation of RMSE versus variable
o2, referred to as Fig. 6. Besides, to demonstrate the effective-
ness of the min-max strategy, ASM is developed to compare
with the related algorithms in the simulations. It should be
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RMSE(x) m

Ls[12]
— - -RNLA[5

-+ RSS-SDP[9]
SRWLS[4]
<@ ASM

RMSE (Fy) dBm

RMSE(x) m

RMSE (P,

4 8 12 16 20
M

Fig. 4. RMSE for x and Py versus variable anchors with a@ = 3.5,
SNR = 40 dB.
1
0.95
0.9
0.85
- 0.8
a
o
0.75
LS[12]
RNLA[5]
07 RSS-SDP[9]
SRWLS [4]
0651 ASM
— MFMM
0.6 = . . - . . -
0 0.5 1 1.5 2 25 3 3.5 4
[% —x]|
Fig. 5. CDF of || — z| with & = 3.5, SNR = 40 dB, and 8 anchors.

noted that, in the simulations, we use the mean of CRLB due
to the random deployment of anchors and the target at each
Monte Carlo trial, i.e.,

MC
1
RMSEcRLE = \| 376 > CRLBy, (24)

nu=1

where CRLB,,, is the corresponding value at each Monte
Carlo trial.

The results of the RMSE versus variable « is shown in
Fig. 2. Interestingly, all approaches have relatively accept-
able robustness on the rise in path loss exponent, in which
MFMM outperforms the others in most cases. Although the
performance of the estimate of Py in MFMM is worse than
that of RSS-SDP when « < 3, the estimate of x in MFMM is
better than that of RSS-SDP. As for ASM, without the second
phase of optimization, the performance is only better than LS
and RNLA.
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RMSE(x) m

LS[12]

- - -RNLA[5]

<@ RSS-SDP[9)]
SRWLS|4]

@ ASM

—— MFMM

1 3 5 7 9
o2

Fig. 6. RMSE for x versus variable o2 with o = 3.5 and 8 anchors.

The RMSE versus variable SNR is shown in Fig. 3. As
expected, the performance of all algorithms is improved when
SNR grows. Nevertheless, similar results are performed in
terms of MFMM with SRWLS and RSS-SDP. In this case,
to study the performance of the methods intuitively, we con-
duct the simulation of RMSE versus variable 02, referred to as
Fig. 6. With the robust function involved, the performance of
RNLA and SRWLS, two methods that convert the problem into
a generalized trust-region subproblem, comes closely, albeit
the divergence of RNLA and SRWLS is relatively large in
Fig. 3. It is worth noting that the margin of the performance
among MFMM and others in Fig. 6 is more sizeable than that
of Fig. 3.

The RMSE versus variable anchors is depicted in Fig. 4. The
performance of all approaches is improved on the rise in the
number of anchors. This is because the available information
increases when the number of anchors grows. From Fig. 4,
we can see that MFMM is better than the rest, albeit the
performance of MFMM is worse than RSS-SDP when M = 4.

The cumulative distribution function (CDF) of the algo-
rithms is shown in Fig. 5. It can be seen that MFMM achieves
|z — || = 0.73 m at almost 90%, whereas SRWLS, RSS-
SDP, ASM, RNLA and LS achieve ||z — x| = 1.1 m,
|2 —z]| =148 m, |Z — || =1.89 m, | — z| = 3.47 m,
|z — x| = 4.47 m at the same probability, respectively.

The outperformance of MFMM can be explained to some
extent by the facts that 1) a relatively satisfied initial point is
obtained via the first phase optimization (ASM), and 2) the
min-max strategy based on Taylor linearization approxima-
tion solves the problem with a sequence of convex problems
in the second phase of optimization. Specifically, in the first
phase optimization, two rounds of procedures are involved,
i.e., the feasibility (outer loop) and the optimality (inner loop).
Although a similar LS approximation is used in the feasibil-
ity, compared with LS in [12], the optimality procedure could
further filter out the infeasible points beyond the constraint.
Therefore, ASM seems to have a relatively better performance
than LS. However, the solution is a local minimum due to the
nature of the LS approximation, which drives the second phase
of optimization. In the second phase, the optimization is solved
with a sequence of convex problems via Taylor linearization,
which has a strong property of convergence with a good initial
point. For these reasons, MFMM could have a relatively robust
and better performance than others in different scenarios.

V. CONCLUSION

In this letter, a novel localization approach, MFMM, was
proposed in the presence of UTP using RSS measurements.

1615

Unlike the previous works, a method, i.e., MFMM, with less
computational complexity on the precise of high localization
accuracy, was taken here. The localization problem was solved
under the ANCLS framework by exploiting the ASM inte-
grated with the min-max strategy, which divided the function
into a convex quadratic plus a concave term. Simulations
demonstrate that MFMM, to some extent, outperforms the
other state-of-the-art approaches in different scenarios.
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