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DEVWUDFW
Vdwhoolwh dwwlwxgh ghwhuplqdwlrq phwkrgv xvx0

doo| idoo lq rqh ri wzr fodvvhv= srlqw0e|0srlqw dqg
uhfxuvlyh hvwlpdwlrq dojrulwkpv1 Srlqw0e|0srlqw
dwwlwxgh ghwhuplqdwlrq lv edvhg rq wkh phdvxuh0
phqwv ri wzr ru pruh vhqvruv lq d vlqjoh srlqw lq
wlph/ zkloh uhfxuvlyh hvwlpdwlrq xvhv lqirupdwlrq
iurp vxffhvvlyh wlph srlqwv/ dv zhoo dv nqrzohgjh
derxw wkh vsdfhfudiw g|qdplfv dqg2ru nlqhpdw0
lfv prghov1 Lq vpdoo vdwhoolwhv/ d vlqjoh dwwlwxgh
vhqvru lv riwhq dydlodeoh/ gxh wr frvw dqg vsdfh
frqvwudlqwv/ wkxv ohdglqj wr wkh h{sorudwlrq ri uh0
fxuvlyh hvwlpdwlrq edvhg vroxwlrqv/ vxfk dv wkh
Ndopdq �owhu1 Lq wklv sdshu/ wkh uhvxowv ri xv0
lqj d srlqw0e|0srlqw Vlqjxodu Ydoxh Ghfrpsrvlwlrq
+VYG, dojrulwkp duh frpsduhg wr wkrvh rewdlqhg
e| dq H{whqghg Ndopdq Ilowhu +HNI,/ zkhq ds0
solhg wr d vlpxodwlrq ri wkh vpdoo vdwhoolwh SrVDW0
4/ zklfk lqfoxghv rq erdug pdjqhwrphwhuv dqg
d Vxq vhqvru1 Txhvwlrqv ri erwk wkhruhwlfdo dqg
sudfwlfdo qdwxuh duh glvfxvvhg dqg dqdo|vhg1
Nh|zrugv= Dwwlwxgh hvwlpdwlrq/ Txdwhuqlrqv/

Vpdoo Vdwhoolwhv/ H{whqghg Ndopdq Ilowhu/ Zdked
Sureohp1

LQWURGXFWLRQ
Wkh ghwhuplqdwlrq ri wkh wkuhh0d{lv vsdfhfudiw

dwwlwxgh kdv d pdmru uroh lq jxlgdqfh/ qdyljdwlrq
dqg frqwuro ri dq dhurvsdfh yhklfoh/ vshfldoo| iru
dxwrqrprxv v|vwhpv zklfk duh ohvv idxow wrohudqw
iru hqylurqphqw dqrpdolhv wkdq jurxqg0edvhg v|v0
whpv1 Fxuuhqwo|/ vxssruwlqj wkh frqwuro dqg qdy0
ljdwlrq lq jurxqg vwdwlrqv/ vshfldoo| iru vpdoo lq0
h{shqvlyh vsdfhfudiwv/ lv qrw ihdvleoh1 Wkhuhiruh/
dojrulwkpv pxvw eh irxqg wr fduu| rxw wkh wdvn
ri ghwhuplqlqj wkh dwwlwxgh iurp d vhtxhqfh ri
qrlv| yhfwru revhuydwlrqv w|slfdoo| rewdlqhg iurp
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lqerdug vhqvruv/ vxfk dv vwdu vhqvruv/ Vxq vhqvruv/
Hduwk vhqvruv/ Joredo Srvlwlrq V|vwhp +JSV, ru
pdjqhwrphwhuv1 Vlqfh vpdoo vdwhoolwhv duh w|slfdoo|
lq Orz Hduwk Ruelw +OHR, dqg wkhlu vl}h soxv wdu0
jhw frvw suhyhqw wkh xvh ri pruh srzhuixo dfwxd0
wruv/ vxfk dv lqhuwld zkhhov/ wkh suhihuuhg dwwlwxgh
dfwxdwruv duh wkrvh zklfk jhqhudwh d pdjqhwlf pr0
phqwxp wkdw lqwhudfwv zlwk wkh Hduwk*v jhrpdj0
qhwlf �hog1 Wkhvh dfwxdwruv duh fkhds wr exlog dqg
kdyh orqj vhuylfh olih vlqfh qr ixho lv xvhg h{fhsw
iru hohfwulf srzhu zklfk lv rewdlqhg iurp wkh vrodu
sdqhov1 Dovr jdv mhwv duh ehfrplqj dq rswlrq iru
wklv fodvv ri vdwhoolwhv1
Wklv zrun lv sduw ri d Sruwxjxhvh ixqghg surmhfw

qdphg FrqVdw4 dlplqj dw wkh vwxg| ri wkh g|qdp0
lfv ri erglhv xqghu wkh lq�xhqfh ri judylwdwlrqdo/
dhurg|qdplf dqg frqwuro wrutxhv lq sduwlfxodu wkh
fdvh ri vpdoo vdwhoolwhv1 Wkh zrun fduulhg rxw lv
lqfoxghg lq d surmhfw wdvn zkrvh jrdo lv wkh ghyho0
rsphqw ri qhz dssurdfkhv wr wkh dwwlwxgh frqwuro
sureohp/ zkhuh dwwlwxgh ghwhuplqdwlrq lv hvvhqwldo1
Wkh vpdoo vdwhoolwh SrVDW04 ^58` zdv xvhg dv d

fdvh vwxg| iru wkh FrqVdw vlpxodwru VlpVdw/ gh0
yhorshg zlwklq wkh surmhfw dqg ghvfulehg lq ^53`1
Zulwwhq xqghu Pdwode2Vlpxolqn/ VlpVdw lqfoxghv
d uhdolvwlf vlpxodwlrq ri SrVDW04 vhqvruv dqg df0
wxdwruv dv zhoo dv ri wkh hduwk jhrpdjqhwlf �hog1
Wkh zrun suhvhqwhg lq wklv duwlfoh dqdo|vhv gli0

ihuhqw dssurdfkhv wr dwwlwxgh ghwhuplqdwlrq dqg
lwv lqwulqvlf sureohpv1 Wzr glvwlqfw phwkrgv/
d uhfxuvlyh H{whqghg Ndopdq Ilowhu +HNI, dqg
d srlqw0e|0srlqw Vlqjxodu Ydoxh Ghfrpsrvlwlrq
+VYG, dojrulwkp duh dssolhg wr ghwhuplqh SrVDW0
4*v dwwlwxgh iurp pdjqhwrphwhu dqg Vxq vhqvru
uhdglqjv/ xvlqj VlpVdw1 Pruhryhu/ d vhqvru ix0
vlrq dssurdfk lv dgguhvvhg e| frpelqlqj wkrvh wzr
vhqvru uhdglqjv wr lpsuryh wkh HNI*v h�flhqf|1
Lq wkh qh{w vhfwlrq/ d klvwrulfdo shuvshfwlyh ri wkh
pdlq dssurdfkhv wr wkh vpdoo vsdfhfudiw dwwlwxgh
ghwhuplqdwlrq sureohp lv suhvhqwhg1 Vlpxodwlrq
Vhwxs Vhfwlrq ghvfulehv wkh dwwlwxgh ghwhuplqdwlrq
phwkrgv whvwhg lq wklv zrun1 Ilqdoo|/ wkh vlpxod0
wlrq uhvxowv ri erwk wkh HNI dqg VYG phwkrgv
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duh frpsduhg dqg frqfoxvlrqv duh gudzq1
KLVWRULFDO SHUVSHFWLYH

Wkh pdlq jrdo ri wkh dwwlwxgh ghwhuplqdwlrq lv
wr frpsxwh wkh dwwlwxgh ri d erg| �{hg frruglqdwh
v|vwhp +FV, uhodwlyh wr d uhihuhqfh FV/ dv zhoo dv
wkh dqjxodu yhorflw|/ edvhg lq qrlv| yhfwru phd0
vxuhphqwv wdnhq lq erwk v|vwhpv1 Lq wklv zrun wkh
FV �{hg wr wkh erg| lv gh�qhg dv wkh Frqwuro FV=
d uljkw ruwkrjrqdo frruglqdwh v|vwhp zkrvh rul0
jlq frlqflghv zlwk wkh pdvv fhqwhu ri wkh vdwhoolwh
dqg frlqflghqw zlwk lwv prphqw ri lqhuwld gluhf0
wlrqv1 Wkh uhihuhqfh FV lv wkh Ruelwdo FV= d uljkw
ruwkrjrqdo frruglqdwh v|vwhp zkrvh ruljlq frlq0
flghv zlwk wkh pdvv fhqwhu ri wkh vdwhoolwh/ zlwk
wkh } d{lv srlqwlqj dw wkh }hqlwk/ dqg wkh { d{lv
wdqjhqw wr wkh ruelw sodqh1
Wkhuh duh wzr zlgho| dssolhg phwkrgrorjlhv wr

wkh dwwlwxgh ghwhuplqdwlrq sureohp= wkh Ndopdq
Ilowhu dqg wkh srlqw0e|0srlqw phwkrgv1 Dowkrxjk
erwk hphujhg lq wkh vl{wlhv/ rqo| uhfhqwo| srlqw0
e|0srlqw phwkrgv kdyh ehhq vxemhfw wr lqwhqvlyh
uhvhdufk1 Lq frqwudvw/ wkh Ndopdq �owhu kdv ehhq
dssolhg vxffhvvixoo| wr pdq| gl�huhqw hvwlpdwlrq
sureohpv vlqfh lw lv zhoo0vxlwhg wr hvwlpdwh vwdwh
yhfwruv ri pxowl0lqsxw2rxwsxw v|vwhpv edvhg lq
pxowl0vhqvru lqirupdwlrq1
LWHUDWLYH PHWKRGV
Ndopdq �owhu*v dghtxdf| iru uhdo0wlph hvwlpd0

wlrq lv gxh wr lwv uhfxuvlyh surfhvvlqj ri qrlv| vhq0
vru phdvxuhphqwv wr ghwhuplqh wkh vxffhvvlyh plq0
lpxp yduldqfh vwdwh hvwlpdwhv1 Dvvxplqj vwdwlv0
wlfv ri wkh v|vwhp dqg phdvxuhphqwv qrlvh dv
nqrzq/ dqg wdnlqj dgydqwdjh ri wkh v|vwhp prgho/
wkh �owhu sursdjdwhv wkh hvwlpdwhg vwdwh iurp rqh
wlph srlqw wr wkh qh{w1 Qhyhuwkhohvv/ wkhuh duh
vhyhudo sureohpv dvvrfldwhg zlwk wkh dssolfdwlrq
ri wkh Ndopdq �owhu wr vpdoo vdwhoolwhv1 Wkh dw0
wlwxgh uhsuhvhqwdwlrq lv d sureohpdwlf lvvxh dg0
guhvvhg e| pdq| dxwkruv dqg uhylhzhg e| Vkxvwhu
^55`1 Txdwhuqlrq uhsuhvhqwdwlrq lv wkh prvw frp0
prqo| xvhg vdwhoolwh dwwlwxgh hvwlpdwlrq ehfdxvh lw
lv qrw vlqjxodu iru dq| urwdwlrq1 Krzhyhu lw lv vxe0
mhfwhg wr wkh frqvwudlqw ttW @ 4 lq rughu wr pdlq0
wdlq ruwkrjrqdolw| lq wkh hvwlpdwhg dwwlwxgh1 Wklv
frqvwudlqw dv wr eh wdnhq lqwr dffrxqw gxulqj wkh
lpsohphqwdwlrq ri wkh HNI/ rwkhuzlvh wkh frydul0
dqfh pdwul{ ehfrphv vlqjxodu1 Oh�huv hw do1 ^43`
ghvfulehg wkuhh gl�huhqw dssurdfkhv wr flufxpyhqw
wkh fryduldqfh pdwul{ vlqjxodulw| fdxvhg e| wkh
txdwhuqlrq dwwlwxgh uhsuhvhqwdwlrq1 Krzhyhu wkh
dqjxodu yhorflwlhv duh rewdlqhg iurp j|urvfrshv/
zklfk duh riwhq qrw xvhg lq vpdoo vsdfhfudiwv eh0
fdxvh qrw rqo| wkh| duh jhqhudoo| h{shqvlyh exw
dovr wkh| whqg wr idlo1 Dovr wr ryhufrph wkh txdwhu0
qlrq sureohp/ Edu0Lw}kdfn hw do1 ^5` vkrzhg wkdw
qrupdol}dwlrq lpsuryhv �owhu frqyhujhqfh dqg df0
fxudf|1 Dsso|lqj wkh fryduldqfh prgl�fdwlrqv gh0

vfulehg e| Oh�huwv hw do1 ^43`/ Svldnl dqg Pduwho
^49`/ xvlqj rqo| pdjqhwrphwhu gdwd/ hvwlpdwhg wkh
glvwxuedqfh wrutxhv dqg dovr wkh dwwlwxgh/ dqjx0
odu yhorflw| dqg wkh yhfwru sduw ri wkh txdwhuqlrq/
t @ � t4 t5 t6 �1 Wkh vfdodu sduw ri wkh txdwhu0
qlrq t7 lv rewdlqhg iurp wkh hvwlpdwhg yhfwru sduw
xvlqj wkh txdwhuqlrq frqvwudlqw1 Krzhyhu/ lw rqo|
r�huv frduvh dwwlwxgh lqirupdwlrq gxh wr wkh orz
dffxudf| ri wkh revhuydwlrqv dqg wkh lqdffxudf|
ri wkh nqrzohgjh ri wkh Hduwk*v pdjqhwlf �hog/ dv
vwuhvvhg e| wkh dxwkru1
Kdylqj d qrq0olqhdu v|vwhp dqg qrqolqhdu phd0

vxuhphqwv/ wkh dssolfdwlrq ri wkh Ndopdq �owhu lv
rqo| srvvleoh diwhu olqhdul}dwlrq1 Wklv pd| ohdg wr
glyhujhqfh sureohpv lq wkh huuru fryduldqfh pd0
wul{1 Vrph vroxwlrqv zhuh suhvhqwhg e| Eurzq dqg
Kzdqj ^;` lq rughu wr kdqgoh wklv sureohp1 Dovr
Edn ^4` prghoohg vrph ri wkh glvfuhsdqflhv eh0
wzhhq wkh surfhvv prgho dqg wkh dfwxdo ehkdylrxu
ri wkh vsdfhfudiw dqg jdwkhuhg wkhp lq wkh frydul0
dqfh huuru pdwul{ lq dq HNI xvlqj pdjqhwlf �hog
phdvxuhphqwv1 Pruhryhu/ Ydwkvdo ^56` h{sdqghg
wkh surfhvv dqg phdvxuhphqw prghov wr vhfrqg
rughu1 Krzhyhu/ wklv dssurdfk lqfuhdvhv wkh frp0
soh{lw| ri wkh �owhu dqg lw lv d frpsxwdwlrqdo exu0
ghq1 Xvxdoo|/ lw lv rqo| zruwkzkloh wr jr iru vhfrqg
ru kljkhu rughu whfkqltxhv lq fdvh ri h{wuhph v|v0
whp qrqolqhdulwlhv1
Wkh surfhvv dqg phdvxuhphqw qrlvh duh dv0

vxphg wr eh prghoohg e| d }hur0phdq Jdxvvldq
vwrfkdvwlf surfhvv zlwk nqrzq fryduldqfh/ exw wkh
fryduldqfh pdwulfhv pxvw eh pdqxdoo| wxqhg/ qrw
qhfhvvdulo| wr dfklhyh rswlpdo �owhu ghvljqv exw
vrphwlphv wr lqfuhdvh forvhg orrs dwwlwxgh frq0
wuro shuirupdqfh1 Prrn dqg Mxqnlqv ^4:` ghyho0
rshg d qhz dssurdfk/ ghvljqdwhg dv wkh Plqlpxp
Prgho Huuru Hvwlpdwlrq +PPH, phwkrg/ zkhuh
wkh prgho huuru lv ghwhuplqhg gxulqj wkh hvwlpd0
wlrq surfhvv1 Fudvvlglv dqg Pdunoh| ^7` xvhg wklv
dssurdfk wr hvwlpdwh wkh dwwlwxgh ri d uhdo vsdfh0
fudiw zlwkrxw wkh xwlol}dwlrq ri j|ur phdvxuhphqwv1
Krzhyhu/ wkh PPH �owhu lv d edwfk hvwlpdwru1 Lq0
vsluhg lq klv sdshu/ dqg dovr edvhg rq d suhglfwlyh
wudfnlqj vfkhph lqwurgxfhg e| Ox ^45`/ Fudvvlglv
dqg Pdunoh| ^8` kdyh sursrvhg d suhglfwlyh �owhu
zkhuh wkh prgho huuru lv hvwlpdwhg dv sduw ri wkh
vroxwlrq1 Wkh �owhu pd| wdnh dq| irup/ hyhq qrq0
olqhdu/ vr wkh �owhu lv iuhh iurp fryduldqfh sursdjd0
wlrq/ ghfuhdvlqj wkh frpsxwdwlrqdo exughq dvvrfl0
dwhg zlwk lw1 Pruhryhu/ lw fdq eh lpsohphqwhg
rq0olqh wr �owhu qrlv| phdvxuhphqwv/ hvwlpdwlqj
txdwhuqlrq dwwlwxgh uhsuhvhqwdwlrq dqg udwh wud0
mhfwrulhv1
Wkh Ndopdq �owhu lpsohphqwhg lq wkh Vlp0

Vdw vlpxodwru lv edvhg lq wkh dssurdfk ri Svl0
dnl dqg Pduwho ^49` exw xvhv Vxq vhqvruv wr lp0
suryh �owhu dffxudf|1 Wr dyrlg wkh fryduldqfh
vlqjxodulw| wkh �owhu hvwlpdwhv wkh yhfwru sduw ri



wkh txdwhuqlrq uhgxflqj wkh udqn ri wkh frydul0
dqfh huuru pdwul{1 Wkh �owhu fryduldqfh pdwulfhv
iru wkh surfhvv dqg phdvxuhphqw qrlvhv duh re0
wdlqhg xvlqj jhqhwlf dojrulwkp edvhg vhdufk ^6`1
SRLQW0E\0SRLQW PHWKRGV
D gl�huhqw dssurdfk wr wkh dwwlwxgh hvwlpd0

wlrq sureohp frqvlvwv rq ghwhuplqlqj wkh dwwlwxgh
edvhg rq d vhtxhqfh ri qrlv| yhfwru phdvxuhphqwv1
Jlyhq d vhw ri q � 5 yhfwru phdvxuhphqwv e4>===>eq
lq wkh erg| v|vwhp/ dqg d vhw ri uhihuhqfh yhfwruv
u4>===>uq lq wkh ruelw v|vwhp/ wkhuh lv dq ruwkrjrqdo
pdwul{ D +wkh dwwlwxgh pdwul{ ru gluhfwlrq0frvlqh
pdwul{, wkdw wudqvirupv urwdwlrqdo yhfwruv iurp
wkh ruelwdo wr wkh erg| frruglqdwhv1 Wkh sure0
ohp ri �qglqj wkh ehvw hvwlpdwh ri wkh D pdwul{
zdv srvhg e| Judfh Zdked ^57` zkr zdv wkh �uvw
wr fkrrvh d ohdvw vtxduh fulwhulrq wr gh�qh wkh ehvw
hvwlpdwh/ l1h1/ wr �qg wkh ruwkrjrqdo pdwul{ D zlwk
ghwhuplqdqw 4 wkdw plqlpl}hv wkh orvv ixqfwlrq
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zkhuh zl lv d vhw ri srvlwlyh zhljkwv dvvljqhg wr
hdfk phdvxuhphqw dqg m=m ghqrwhv wkh Hxfolghdq
qrup1 Lw zdv suryhg wkdw wkh orvv ixqfwlrq fdq eh
uhzulwwhq dv/
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Wkh orvv ixqfwlrq zloo eh plqlpxp zkhq wkh
wudfh ri wkh pdwul{ surgxfw DEW lv pd{lpxp/ xq0
ghu wkh ruwkrqrupdolw| frqvwudlqw rq D1
Wkh t phwkrg/ lqwurgxfhg e| Gdyhqsruw ^9`/

surylghv d txdwhuqlrq0edvhg vroxwlrq iru wkh
Zdked sureohp/ zkhuh wkh dwwlwxgh txdwhuqlrq t
zklfk plqlpl}hv wkh orvv ixqfwlrq lv wkh hljhqyhf0
wru ri d pdwul{ N/ fruuhvsrqglqj wr N*v odujhvw
hljhqydoxh/ �pd{1 Vkxvwhu ^4;` suhvhqwhg dq lpsoh0
phqwdwlrq ri wkh t phwkrg/ wkh TXduwhqlrq HV0
Wlpdwru +TXHVW, zkhuh wkh sxusrvh lv wr ghwhu0
plqh �pd{ dqg wkh fruuhvsrqglqj t iurp wkh yhfwru
revhuydwlrqv/ zklfk dyrlgv vroylqj wkh hljhqydoxh
sureohp h{solflwo|1 Wkh pdlq glvdgydqwdjh ri wklv
phwkrg lv wkdw wkh phdvxuhphqwv duh frpelqhg wr
surylgh dq dwwlwxgh hvwlpdwh exw wkh frpelqdwlrq
lv qrw rswlpdo lq dq| vwdwlvwlfdo vhqvh1
Wkh Vlqjxodu Ydoxh Ghfrpsrvlwlrq +VYG,

phwkrg/ zklfk frpsxwhv wkh dwwlwxgh pdwul{ gl0
uhfwo|/ lv yhu| vlpsoh dqg rqh ri wkh prvw urexvw
hvwlpdwruv plqlpl}lqj Zdked*v orvv ixqfwlrq wr0
jhwkhu zlwk t phwkrg1 Krzhyhu/ wkh t phwkrg
lv idvwhu wkdq wkh VYG zkhq wkuhh ru pruh phd0
vxuhphqwv duh dydlodeoh ^47`1 Wkh Idvw Rswlpdo

Dwwlwxgh Pdwul{ +IRDP,/ lqwurgxfhg e| Pdunho|
^48`/ lv d yduldwlrq ri wkh t phwkrg zklfk dyrlgv
wkh qhhg wr frpsxwh wkh hljhqyhfwruv dqg lv idvwhu
wkdq wkh t phwkrg/ wkrxjk htxdoo| urexvw1
Vkxvwhu dovr ghulyhg d vlpsoh h{suhvvlrq iru

wkh fryduldqfh pdwul{ ri wkh Wkuhh D{lv Dwwl0
wxgh Ghwhuplqdwlrq +WULDG, dojrulwkp ghgxfhg
e| Ohuqhu ^44` lq zklfk/ ghvslwh wkh vlpsolflw| ri
wkh dwwlwxgh ghwhuplqdwlrq/ wkh fdofxodwlrq ri wkh
fryduldqfh pdwul{ zdv udwkhu frpsolfdwhg ehfdxvh
ri wkh qhhg wr frpsxwh qxphurxv sduwldo ghulyd0
wlyhv dv gl�huhqfhv1 Lq vslwh ri wkh srsxodulw| ri
wkh WULDG dojrulwkp5 lw rqo| fdq eh vroyhg iru
wzr revhuydwlrqv1 Wklv uhsuhvhqwv d elj glvdgydq0
wdjh zkhq pruh phdvxuhphqwv duh dydlodeoh/ vlqfh
vrph dffxudf| lv orvw1 Dfwxdoo|/ lw lv srvvleoh wr
frpelqh wkh dwwlwxgh vroxwlrqv ri wkh ydulrxv re0
vhuydwlrq sdluv1 Krzhyhu/ wklv vroxwlrq whqgv wr eh
wrr frvwo|1
Rq wkh rwkhu kdqg wkh ghwhuplqlvwlf phwkrgv

wkdw xvh wkh yhfwru phdvxuhphqwv wr rewdlq wkh
dwwlwxgh dw d jlyhq wlph srlqw uhtxluh dw ohdvw wzr
yhfwruv +h{fhsw wkh WULDG, wr ghwhuplqh wkh dw0
wlwxgh dqg lw uhtxluhv zhljkwlqj ri wkh hqwluh yhf0
wru phdvxuhphqw1 Vr/ doo ghwhuplqlvwlf phwkrgv
idlo zkhq rqo| rqh vhw ri yhfwru phdvxuhphqwv lv
dydlodeoh +h1j1 pdjqhwrphwhu gdwd rqo|,/ zklfk
kdsshqv zkhq d vrodu hfolsvh rffxuv1 Pruhryhu/ lw
lv d vlqjoh wlph srlqw edwfk dojrulwkp/ zkhuh doo
phdvxuhphqwv wkdw duh wdnhq dw d suhylrxv wlph
duh ljqruhg1 Edu0Lw}dfn ^<` suhvhqwhg d uhfxuvlyh
urxwlqh ghulyhg iurp wkh TXHVW zklfk wdnhv lqwr
dffrxqw doo wkh sdvw phdvxuhphqwv dqg ehfdxvh ri
wkdw hyhq rqh phdvxuhphqw lv hqrxjk wr xsgdwh
wkh dwwlwxgh1 Lq rughu wr gr vr/ wkh UHTXHVW
dojrulwkp xvhv wkh nlqhpdwlf htxdwlrq6 wr sursd0
jdwh wkh txdwhuqlrq rewdlqhg iurp wkh sdvw phd0
vxuhphqwv wloo wkh wlph wn.4 dqg xvhv lw wrjhwkhu
zlwk wkh qhz phdvxuhphqwv ri wkh wlph wn1 Lq vslwh
ri wklv/ lw uhtxluhv h{dfw nqrzohgjh ri wkh dqjxodu
yhorflw|/ uho|lqj lq j|urv phdvxuhphqwv1
Lq jhqhudo/ doo wkh ghwhuplqlvwlf phwkrgv ru

srlqw0e|0srlqw phwkrgv frpsxwh wkh dwwlwxgh pd0
wul{ h�flhqwo| dqg zlwk pxfk ohvv frpsxwdwlrqdo
ordg wkdq wkh HNI/ ehfdxvh wkh| gr qrw xvh lqiru0
pdwlrq iurp wkh g|qdplf dqg nlqhpdwlf prghov
dyrlglqj wkh prgholqj huuruv wkdw dulvh lq HNI1
Wkhuhiruh/ wkh| duh yhu| dwwudfwlyh wr lpsohphqw
lq vpdoo vdwhoolwhv zlwk vkruw frpsxwdwlrqdo uh0
vrxufhv1 Qhyhuwkhohvv/ wkh| doo uhtxluh wzr yhfwru
phdvxuhphqwv lq rughu wr hvwlpdwh wkh dwwlwxgh1
Vrph uhvhdufkhuv kdyh xvhg j|urvfrshv wr rewdlq
wkh dqjxodu yhorflw|/ exw vr idu j|urv duh vhogrp
xvhg lq vpdoo vdwhoolwhv ehfdxvh wkh| duh xvxdoo| h{0
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shqvlyh dqg duh riwhq surqh wr idloxuhv/ dv uhihuuhg
ehiruh1
Lq wklv zrun wkh VYG dojrulwkp zdv fkrvhq

dprqj doo srlqw0e|0srlqw phwkrgv ehfdxvh/ wr0
jhwkhu zlwk wkh t phwkrg/ lw lv wkh prvw urexvw
phwkrg1 Dovr/ vlqfh rqo| wzr dwwlwxgh vhqvruv duh
xvhg +Vxq vhqvruv dqg pdjqhwrphwhuv, wkh dojr0
ulwkp lv dv idvw dv wkh t phwkrg exw vlpsohu wr
lpsohphqw1

VLPXODWLRQ VHWXS
D vhw ri vlpxodwlrq whvwv zhuh vhw xs wr frp0

sduh wkh dwwlwxgh ghwhuplqdwlrq shuirupdqfh ri
dq HNI dqg ri wkh VYG srlqw0e|0srlqw phwkrg1
Wkh wzr dojrulwkpv duh frpsduhg erwk frqfhuq0
lqj wkh frpsxwdwlrqdo frvw dqg wkh dwwlwxgh gh0
whuplqdwlrq dffxudf|1 Xqghu wkh HNI dssurdfk/
wkh dwwlwxgh yhfwru lv hvwlpdwhg e| plqlpl}lqj wkh
vwdwh hvwlpdwh huuru fryduldqfh/ edvhg rq vwdwlvwl0
fdo dvvxpswlrqv frqfhuqlqj wkh xqfhuwdlqwlhv/ wr0
jhwkhu zlwk d vhw ri qrlv| vhqvru phdvxuhphqwv1
Lq frqwudvw/ wkh VYG dojrulwkp frpsxwhv wkh dw0
wlwxgh pdwul{ edvhg rqo| lq qrlv| phdvxuhphqwv
dqg zlwkrxw pdnlqj xvh ri wkh v|vwhp prghov/ h{0
fhsw zkhq wkh Vxq vhqvru phdvxuhphqwv duh qrw
dydlodeoh/ d vlwxdwlrq zkhuh wkh dwwlwxgh g|qdplfv
htxdwlrq lv xvhg wr sursdjdwh wkh odvw dwwlwxgh hv0
wlpdwhv ehiruh wkh orvv ri wkh Vxq vhqvru uhdglqjv1
Wkh frpsxwdwlrq wlph ri wkh VYG dojrulwkp lv

yhu| vpdoo zkhq frpsduhg zlwk wkh HNI1
Wkh vhqvruv xvhg lq wkh dojrulwkpv duh dprqj

wkrvh rqerdug SrVDW041 Hyhq wkrxjk SrVDW0
4 kdv rqerdug Vxq vhqvruv/ pdjqhwrphwhuv/ dq
Hduwk krul}rq vhqvru +HKV, dqg d vwdu vhqvru/ rqo|
wkh Vxq vhqvruv dqg wkh pdjqhwrphwhuv duh xvhg lq
wkh dojrulwkpv1 Wkh HKV lv yhu| vhqvlwlyh wr dwwl0
wxgh yduldwlrqv dqg shuwxuedwlrqv juhdwhu wkdq 8r
zloo vdwxudwh wkh �owhu ^B`1 Pruhryhu/ yduldwlrqv lq
zhdwkhu frqglwlrqv fkdqjh wkh phdvxuhphqwv dv
zhoo1 Ilqdoo|/ SrVDW04*v vwdu vhqvru lv fxuuhqwo|
qrw zrunlqj1
Wkh vlpxodwlrq vhwxs xvhg iru erwk dojrulwkpv

lv suhvhqwhg lq wklv vhfwlrq/ dv zhoo dv d ghwdlohg
h{sodqdwlrq ri krz sureohpv zkhuh vroyhg lq wkh
lpsohphqwdwlrq ri wkh dojrulwkpv1 Zh vwduw e|
uhfdoolqj wkh dwwlwxgh prwlrq htxdwlrqv dqg wkh
txdwhuqlrq0edvhg dwwlwxgh uhsuhvhqwdwlrq xvhg lq
wkh dojrulwkpv1
VSDFHFUDIW PRGHOV
Lq wklv vhfwlrq d eulhi uhylhz ri wkh htxdwlrqv

ri prwlrq/ dovr nqrzq dv Hxohu*v htxdwlrqv/ iru
d urwdwlrqdo prwlrq ri d uljlg erg| lq d sodqh lv
suhvhqwhg/ dv zhoo dv wkh dwwlwxgh sdudphwhul}dwlrq
xvhg1
Dwwlwxgh uhsuhvhqwdwlrq Txdwhuqlrqv

zhuh lqwurgxfhg e| Kdplowrq lq 4;76/ dqg duh
wkh prvw frpprq dwwlwxgh sdudphwhul}dwlrq xvhg
lq d vdwhoolwh dwwlwxgh ghwhuplqdwlrq v|vwhp gxh

wr wkhlu lqkhuhqw qrq0vlqjxodulw| iru dq| urwdwlrq1
Qhyhuwkhohvv/ rqh vkrxog nhhs lq plqg wkdw/ xqghu
wkh txdwhuqlrq uhsuhvhqwdwlrq/ irxu sdudphwhuv t4 /
t5 / t6 / dqg t7 duh uhtxluhg wr uhsuhvhqw d wkuhh gl0
phqvlrqdo dwwlwxgh yhfwru1 Wklv ohdgv wr wkh frq0
vwudlqw t54 . t55 . t56 . t57 @ 41 Pdq| uhvhdufkhuv
ghglfdwhg d sduw ri wkhlu zrun wr txdwhuqlrq ds0
solfdwlrq wr vsdfhfudiw +h1j1/ Kxjkhv ^:` dqg Zhuw}
^59`,1
Frqvlghulqj t d txdwhuqlrq/ lw fdq eh uhsuh0

vhqwhg/ e| d vfdodu sduw dqg d yhfwru sduw /
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Txdwhuqlrq pxowlsolfdwlrq pxvw eh fduhixoo|
kdqgohg/ vr wkdw wkh uhvxow lv dqrwkhu txdwhuqlrq
^59`=
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Wkh dwwlwxgh pdwul{ wkdw h{suhvvhv rulhqwdwlrq
ehwzhhq Ruelwdo FV dqg Frqwuro FV/ fdq eh h{0
suhvvhg lq whupv ri d txdwhuqlrq ^59`/

D+t, @
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@ +t57 � mmtmm5,L6{6 . 5ttW � 5t7^t�`
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zkhuh ^t�` lv d vnhz v|pphwulf pdwul{ wkdw lp0
sohphqwv dojheudlfdoo| wkh furvv surgxfw ehwzhhq
wzr yhfwruv/ d� e @ ^d�`e/

^d�` @
5
7 3 �d} d|

d} 3 �d{�d| d{ 3

6
8 +;,

G|qdplf Htxdwlrqv Iru dq hduwk ruelw vdwho0
olwh zkrvh sulqflsdo gluhfwlrqv/ fruuhvsrqglqj wr
wkh wkuhh sulqflsdo prphqwv ri lqhuwld/ duh doljqhg
zlwk wkh frqwuro FV +fdxvlqj wkh surgxfwv ri lqhu0
wld wr eh }hur,/ wkh g|qdplf htxdwlrq ri prwlrq lv
zhoo nqrzq dqg fdq eh irxqg lq wh{w errnv vxfk
dv Kxjkhv ^:` ru Zhuw} ^59`=



L g
gw

f
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zkhuh
� f$fl lv wkh dqjxodu yhorflw| ri wkh frqwuro FV
z1u1w1 lqhuwldo FV/ h{suhvvhg lq wkh frqwuro
FV1

� L @ gldj � L{{ L|| L}} � lv wkh gldjrqdo lq0
huwld pdwul{ zkrvh prphqwv ri lqhuwld duh wkh
sulqflsdo prphqwv ri lqhuwld1 SrVDW04 zdv
vlpxodwhg lq VlpVdw xvlqj wkh iroorzlqj lqhu0
wld pdwul{ +vhh wkh glvfxvvlrq frqfhuqlqj wkh
lqhuwld pdwul{ lq Ndopdq Ilowhu Vhfwlrq,=

L @
5
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nj1p5

+43,
� fQgw lv wkh glvwxuedqfh prphqw zulwwhq lq
frqwuro FV gxh wr dhurg|qdplf gudj dqg vrodu
suhvvxuh/ hffhqwulflw| ri wkh ruelw dqg rwkhu
h�hfwv qhjohfwhg dw wkh SrVDW04 dowlwxgh71

� fQjj @ 6$53 +fNr � LfNr, lv wkh judylw| pr0
phqw zulwwhq lq frqwuro FV1 Wkh ruelwdo dq0
jxodu yhorflw| ri SrVDW04 lv $r @ 3=33436;8
udg2v1 fNr lv wkh xqlw yhfwru dorqj }0d{lv ri
Ruelw FV1

� fQf @f p+w, �f E+w, lv wkh frqwuro prphqw
+h{suhvvhg lq wkh frqwuro FV, dqg lv jhqhudwhg
e| wkh furvv frxsolqj ehwzhhq wkh pdjqhwlf
prphqw dqg wkh jhrpdjqhwlf �hog1 Hduwkv*v
pdjqhwlf �hog zdv vlpxodwhg xvlqj d vskhulfdo
kduprqlf LJUI prgho/ Zhuw} ^59`1 Uhvxowv
rewdlqhg iurp wkh vlpxodwru e| frpsdulvrq
ehwzhhq wkh uhdo gdwd dqg vlpxodwhg fdq eh
irxqg lq ^54`1

Lw zrxog qrw eh uhdvrqdeoh wr lpsohphqw/ lq
wkh vwdwh sursdjdwlrq vwdjh ri wkh HNI/ wkh frp0
sohwh vhw ri htxdwlrqv ri prwlrq frqvlghulqj wkh
surgxfwv ri lqhuwld1 Wklv zrxog eh wudqvodwhg
lq odujh rqerdug frpsxwhu phpru| frqvxpswlrq
zlwk qr htxlydohqw lpsuryhphqw ri wkh vwdwh hv0
wlpdwlrq1 Gxh wr wklv dqg wr SrVDW04*v d{l0
v|pphwulfdo jhrphwu|/ wkh HNI lpsohphqwdwlrq
xvhv d gldjrqdo lqhuwld pdwul{ zlwk wkh iroorzlqj
ydoxhv/ L{{ @ L|| @ 44<=4 nj1p5 dqg L}} @ 3=:;7

e ìh|3 d2So�

nj1p51 Wkh vpdoo glvfuhsdqflhv lq wkh lqhuwld pd0
wul{ ydoxhv dggv uhdolvwlf huuruv wr wkh HNI lpsoh0
phqwdwlrq
Iru vlplodu uhdvrqv/ wkh frqwuroohu dqg hvwlpdwru

dojrulwkpv xvh d 7wkrughu LJUI prgho iru wkh jhr0
pdjqhwlf �hog/ zkloh wkh vlpxodwlrq ri wkh vdwhoolwh
dwwlwxgh g|qdplfv lv edvhg rq d 43wk rughu jhr0
pdjqhwlf �hogv prgho1
Nlqhpdwlf Htxdwlrq Wkh nlqhpdwlf htxdwlrq

ri wkh vdwhoolwh/ uhodwlqj lwv dqjxodu yhorflw| wr wkh
fkdqjhv ri wkh dwwlwxgh pdwul{ ryhu wkh wlph/ lv
jlyhq e| g
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Wkh dqjxodu udwhv frpsrqhqwv xvhg duh ruelwdo
uhihuhqfhg/ ehfdxvh wkh nlqhpdwlf htxdwlrqv gh0
vfuleh wkh urwdwlrq ehwzhhq wkh ruelwdo d{hv dqg
wkh vdwhoolwh d{hv1 Dv vxfk/ rqh pxvw uhodwh wkh
ruelwdo dqg wkh lqhuwldo uhihuhqfhv=

f$fl @f $fr .f $rl @f $fr .D+frt,f$rl @

@ $fr . $rflr +46,
zkhuh fD+frt, @ � flr fmr fnr � lv wkh xqlw

yhfwru dorqj {0d{lv ri Ruelw FV1
Vlqfh SrVDW04 kdv dq ruelwdo lqfolqdwlrq ri <;r

dqg zlwk dq hffhqwulflw| ri 31334/ wkh dqjxodu yh0
orflw| ri wkh frqwuro FV z1u1w1 wkh Lqhuwldo FV lv
dssur{lpdwho| jlyhq e| wkh iroorzlqj h{suhvvlrq/
dv ghvfulehg e| Wdyduhv hw1 do1 ^54`1

f$rl @ � $r 3 3 �W
NDOPDQ ILOWHU
Wkh Ndopdq �owhu jxdudqwhhv plqlpxp yduldqfh

vwdwh hvwlpdwlrq zkhq dssolhg wr olqhdu g|qdplf
v|vwhpv1 Qhyhuwkhohvv/ wkh Ndopdq �owhu fdq eh
xvhg lq qrq0olqhdu sureohpv e| olqhdul}dwlrq ri wkh
htxdwlrqv wkdw ghvfuleh wkh v|vwhp81 Krzhyhu/ wklv
lv dq dssur{lpdwlrq wkdw lv jrlqj wr lqwurgxfh hu0
uruv lq wkh hvwlpdwh fdofxodwlrq1 Dovr/ dqrwkhu ds0
sur{lpdwlrq lv wr dvvxph Jdxvvldq qrlvh v|vwhp
iru revhuydwlrqv dqg surfhvv zlwk nqrzq yduldqfh
zklfk lv qrw dq dffxudwh ghvfulswlrq ri wkh hvwl0
pdwlrq huuruv1 Lq dgglwlrq wr wklv/ wkh surgxfwv
ri lqhuwld duh doo }hur ehfdxvh sulqflsdo gluhfwlrqv
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duh dvvxphg wr eh doljqhg zlwk frqwuro FV gxh wr
wkh vsdfhfudiw jhrphwu| ^59`1 Dovr wkhuh lv vrph
xqfhuwdlqw| lq wkh fdoleudwlrq ri wkh sulqflsdo pr0
phqwv ri lqhuwld1 Lq sudfwlfh wkhvh duh v|vwhp0
dwlf huuruv wkdw fdqqrw eh prghoohg xvlqj Jdxv0
vldq zklwh qrlvh/ ghyldwlqj wkh hvwlpdwh iurp lwv
wuxh sdudphwhuv1 Wr dyrlg wkhvh sureohpv/ wkh
huuru dqg surfhvv fryduldqfh huuru duh pdqxdoo|
wxqhg zlwk wkh �owhu lq wkh dwwlwxgh forvhg frqwuro
orrs/ wr frpshqvdwh wkh uhvxowlqj huuruv1 Lqlwldoo|/
wkh fryduldqfh huuru pdwul{ zdv rewdlqhg lq rshq
orrs frpsdulqj wkh v|vwhp vwdwh dqg rxwsxw ri d
43wk rughu dqg 7wk jhrpdjqhwlf �hog prgho1 Wkh
rewdlqhg hvwlpdwlrq srlqwlqj dffxudf| zdv ri ds0
sur{lpdwho| 8r1 Wkhq/ lqvwhdg ri pdqxdo wxqlqj/
zklfk lv yhu| wlph frqvxplqj dqg surqh wr vxe0
mhfwlyh huuru/ d jhqhwlf dojrulwkp zdv xvhg wr wxqh
erwk wkh surfhvv fryduldqfh pdwul{ wkh huuru fr0
yduldqfh pdwul{ / zlwk wkh HNI lqvlgh wkh forvhg
frqwuro orrs/ dqg hydoxdwlqj shuirupdqfh e| phd0
vxulqj wkh dffxudf| ri wkh uhvxowlqj dwwlwxgh frq0
wuro orrs ^53`1 E| h{sorulqj wkh vlpphwulhv ri wkh
fryduldqfh huuru pdwul{ dqg ri wkh SrVDW04 jh0
rphwu|/ d uhgxfhg jurxs ri sdudphwhuv kdg wr eh
wxqhg1 Vlqfh wkh phdvxuhphqw huuruv lq SrVDW0
4 duh rqo| gxh wr jhrpdjqhwlf �hog fkdqjhv/ wkh
fryduldqfh huuru lv d gldjrqdo pdwul{ zlwk wkh 314
ydoxh lq wkh gldjrqdo1
Wkh v|vwhp prgholqj ri d vsdfhfudiw lv d frp0

soh{ lvvxh ehfdxvh wkh g|qdplf htxdwlrqv ri pr0
wlrq wdnh lqwr dffrxqw wkh h{whuqdo wrutxhv +gxh
wr vrodu suhvvxuh/ vrodu khdwlqj/ dhurg|qdplf gudj/
hffhqwulflw| ri wkh ruelw dqg vhyhudo rwkhu h�hfwv,1
Wkhvh duh qrq0olqhdu h�hfwv dqg ydu| dorqj wkh ru0
elw dqg dowlwxgh/ zklfk vwurqjo| lq�xhqfh wkh df0
fxudf| ri wkh dwwlwxgh ghwhuplqdwlrq1 Lq sudfwlfh
wkh| duh glvuhjdughg gxh wr lwv prghoolqj frpsoh{0
lw|1 Wklv wxuqv rxw wr eh d wudgh0r� lpsuryhphqw
dqg frpsxwdwlrqdo exughq lq frqvlghulqj wkh glv0
wxuedqfh prphqw1
Edvhg lq rqh ri wkh wkuhh dssurdfkhv grqh e|

Oh�huwv hw1 do1 ^43` wr dyrlg wkh pdwul{ vlqjx0
odulw|/ wkh vfdodu sduw ri wkh txdwhuqlrq t7 lv qrw
hvwlpdwhg uhgxflqj wkh udqn lq rqh ri wkh pd0
wul{ lqyroyhg lq wkh dojrulwkp/ wkh wudqvlwlrq pd0
wul{ �/ wkh huuru fryduldqfh pdwul{ S dqg wkh fr0
yduldqfh ri wkh surfhvv T/ wkh Ndopdq jdlq N
dv zhoo dv wkh I pdwul{ wkdw frqwdlqv wkh htxd0
wlrqv ri prwlrq dqg wkh K pdwul{ wkdw uhodwhv
vhqvru phdvxuhphqwv zlwk wkh vwdwh1 Wr uhfrq0
vwuxfw wkh ixoo txdwhuqlrq wkh irxuwk hohphqw ri wkh
txdwhuqlrq lv rewdlqhg iurp wkh hvwlpdwhg yhfwru
sduw dqg xvlqj wkh frqvwudlqw mmtmm5 @ 4 ohdglqj wr
t7 @ s4� t54 � t55 � t56 1
Zkhq sursdjdwlqj wkh vwdwh dqg fryduldqfh pd0

wulfhv dqg dovr wr sursdjdwh wkh dwwlwxgh txdwhu0
qlrq/ wkh ixoo txdwhuqlrq pxvw eh kdqgohg fduh0
ixoo| wr rewdlq d surshu urwdwlrq1 Wkhuhiruh/ lq

wkhvh vwhsv ri wkh dojrulwkp/ wkh txdwhuqlrqv kdyh
wr eh kdqgohg vhsdudwho| iurp wkh dqjxodu yhorf0
lw|1 Lqvwhdg ri xvlqj g

gw{n.4 @ U i+{+w,> x+w,> w,gw.
{.
n / dv iru wkh dqjxodu yhorflw|/ wkh txdwhuqlrq

pxvw eh sursdjdwhg wkurxjk wkh wudqvlwlrq pdwul{
� @ h

U 45
+z,gw zlwkrxw dssur{lpdwlrq/ uhvxowlqj
lq t.n.4 @ �frv ��W$
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$ vlq ��W$
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n
�� t�n^59`1 Zkhq xsgdwlqj wkh vwdwh/ zkhuh wkh hv0

wlpdwhg vwdwh lv e{ @ � e$W etW � wkh zhljkwhg
shwxuedwlrq huuru/ �e{n.4 @ � �e$n.4 �etn.4

�
hvwlpdwhg e| wkh �owhu lv frpsxwhg/ �e{n.4 @
Nn.4 +|phdv>n.4 �D+etn,|rue>n, dqg lq fdvh ri wkh
dqjxodu yhorflw| dgghg wr wkh ixoo vwdwh/ e$.

n.4 @e$�
n.4.�e$n.41 Krzhyhu wr suhvhuyh sk|vlfdo vhqvh

wr wkh txdwhuqlrq xsgdwh/ wkh txdwhuqlrq lv xs0
gdwhg xvlqj txdwhuqlrq pxowlsolfdwlrq/

et.n.4 @
� �etn.4s4� m�etn.4m5

�
 et�n.4 +47,

Zkhq wkh vxq vhqvru phdvxuhphqwv duh dydlo0
deoh wkh phdvxuhphqw fryduldqfh pdwul{ lv h{0
sdqghg wr d 9[9 pdwul{/ Uwrw @

� Updj 36�6
36�6 UVV

�
dqg wkh K pdwul{ lv h{sdqghg lq rughu wr lqfru0
srudwh dovr wkh Vxq vhqvru phdvxuhphqw/ |VV

K.
n.4 @

5
7 36�6 �D+t,

�t4 t4@et4|rue
36�6 �D+t,

�t4 t4@et4|VV +48,

�D+t,
�t5 t5@et5|rue �D+t,

�t6 t6@et6|rue�D+t,
�t5 t5@et5|VV �D+t,

�t6 t6@et6|VV

6
8

Wkh uhpdlqlqj vwhsv ri wkh dojrulwkp duh qrw prg0
l�hg1
GHWHUPLQLVWLF PHWKRGV
Rqh zhoo nqrzq dssurdfk wkdw glvuhjdugv wkh

htxdwlrqv ri prwlrq/ wr ghwhuplqh wkh dwwlwxgh
pdwul{ rqo| iurp d vhw ri qrlv| yhfwru phdvxuh0
phqwv/ duh wkh ghwhuplqlvwlf phwkrgv ru srlqw0e|0
srlqw phwkrgv1 Wkh fryduldqfh pdwul{ ri wkh sur0
fhvv dqg phdvxuhphqw qrlvhv duh qrw xvhg dyrlglqj
wkh sureohpv ghvfulehg suhylrxvo| dqg wkh wlph
frqvxphg wr fdofxodwh dqg wxqh wkh fryduldqfhv1
Pruhryhu d gl�huhqw vhwwlqj zloo fdxvh ohvv dffx0
udwh vwdwh hvwlpdwhv lq wkh HIN dqg wkh fryduldqfh
pdwul{ pxvw eh uhwxqhg1
Wkh ghwhuplqlvwlf phwkrgv wdnh dgydqwdjh ri

wkh vhqvru phdvxuhphqwv rqo|/ glvuhjduglqj wkh
lqirupdwlrq iurp wkh prgho ri wkh v|vwhp dqg
qrw sursdjdwlqj wkh vwdwh hvwlpdwh1 Rqh pd|
wklqn wkdw vrph xvhixo lqirupdwlrq iurp wkh v|v0
whp prgho lv orvw exw vlqfh wkh v|vwhp prgho lv
qrq0olqhdu dqg kdv wr eh olqhdul}hg lw lv ehwwhu wr
ljqruh lw wkdq wr lqwurgxfh plvohdglqj lqirupdwlrq
wr wkh �owhu1 Wkh VYG zdv fkrvhq ehfdxvh/ iru wzr
dydlodeoh dwwlwxgh phdvxuhphqwv/ lw lv wkh prvw ur0
exvw +wrjhwkhu zlwk wkh t phwkrg, dqg wkh idvwhvw



srlqw0e|0srlqw dojrulwkp ^47`1 Vlqfh wkh VYG dojr0
ulwkp zdv lpsohphqwhg lq �yh Pdwode frgh olqhv/
wkh wlph wdnhq wr hvwlpdwh wkh dwwlwxgh pdwul{ dqg
wkh fryduldqfh ri wkh huuru lv yhu| vpdoo frpsduhg
wr wkh HNI dojrulwkp1 Wkh rqo| sureohp zlwk
wkh VYG dojrulwkp lv wr rewdlq wkh txdwhuqlrq hv0
wlpdwh iurp dwwlwxgh pdwul{1 Wklv fdq eh grqh
iurp Ht1 :1
Rqh ri wkh irxu vroxwlrqv lv

t47 @ 	3=8s4 .D44 .D55 .D66
t44 @ 3=58+D56 �D65,@t47t45 @ 3=58+D64 �D46,@t47t46 @ 3=58+D45 �D54,@t47

Krzhyhu qxphulfdo lqdffxudflhv pd| dulvh zkhq
t7 lv yhu| vpdoo1 Rqh zd| wr ryhufrph wklv lv wr
frpsxwh
wkh pd{lpxp ri t57 @ 	3=8s4 .D44 �D55 �D66/
t67 @ 	3=8s4�D44 .D55 �D66/ dqg t77 @	3=8s4�D44 �D55 .D66dqg edvhg rq wklv/ vkliw
dprqj vroxwlrqv/ dv vxjjhvwhg e| Vlgl ^4<`1 Wkh
wkuhh rwkhu vroxwlrqv duh/

t54 @ 	3=8s4 .D44 �D55 �D66
t55 @ 3=58+D45 .D54,@t54t56 @ 3=58+D46 .D46,@t54t57 @ 3=58+D56 �D65,@t54

t65 @ 	3=8s4�D44 .D55 �D66
t64 @ 3=58+D45 .D54,@t65t66 @ 3=58+D56 .D65,@t65t67 @ 3=58+D64 �D46,@t65

t76 @ 	3=8s4�D44 �D55 .D66
t74 @ 3=58+D46 .D64,@t76t75 @ 3=58+D56 .D65,@t76t77 @ 3=58+D45 �D54,@t76

VLPXODWLRQ UHVXOWV
Wr frpsduh wkh shuirupdqfh ri erwk HNI dqg

VYG dojrulwkpv rqh whvw frqvlvwlqj ri d edwfk ri
whq vlpxodwlrqv/ hdfk rqh ruelw orqj dqg zlwk gli0
ihuhqw vwduwlqj frqglwlrq zdv vhwxs dv iroorzv=
Whvw= Hdfk vlpxodwlrq lv vwduwhg dw d slwfk

dqjoh@ 93r dqg d |dz dqjoh@ 3r1 Wkh uroo dqjoh lv
gl�huhqw iru hdfk vlpxodwlrq1 Wkh lqlwldo dqjxodu
yhorflw| lv � 3=33436: 3 3=35 �udg2v1 SrVDW0
4 urwdwhv derxw lwv orqjlwxglqdo d{lv zlwk d vslq
z} @ 3=35 udg2v1
Wklv lqwhqgv wr vlpxodwh d vlwxdwlrq zkhuh wkh

vdwhoolwh lv glvwxuehg e| d odujh lqlwldo z1u1w1 wkh
orfdo yhuwlfdo1�+ghjuhhv, Vslq Udwh Huuru (

phdq 31899 3149:
�5 318<8 314<<

zruvw 41;:9 319<9
Wdeoh 4= Uhvxowv iru HNI
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wx
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wy

0 0.5 1

2

4

6

8

10
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Orbits

error wz

Iljxuh 4= Dfwxdo +vrolg, dqg HNI hvwlpdwh +grw, ri
SrVDW04 dwwlwxgh txdwhuqlrq dqg dqjxodu yhorflw|
dorqj rqh ruelw1

Wdeoh 4 vkrzv wkh dffxudf| ri wkh HNI hvwlpd0
wru/ ghwhuplqhg iurp wkh whvwv1 Wkh � lv wkh dqjoh
ehwzhhq wkh orfdo yhuwlfdo dqg wkh errp d{lv1
Lq rughu wr kdyh qr lq�xhqfh iurp d frqwuroohu

wkh whvwv duh grqh lq rshq orrs zlwk wkh hvwlpd0
wru hvwlpdwlqj wkh ixoo txdwhuqlrq dqg wkh dqjxodu
yhorflw|1
Zkhq wkh Vxq vhqvru lv qrw dydlodeoh/ wkh vwdwh

yhfwru lv sursdjdwhg e| wkh g|qdplfv htxdwlrq/
xvlqj dv lqlwldo frqglwlrq wkh dqjxodu yhorflw| hvwl0
pdwh rewdlqhg iurp wkh lqyhuvh nlqhpdwlfv htxd0
wlrq/ e| hvwlpdwlqj bt dv wkh gl�huhqfh ehwzhhq wkh
odvw wzr hvwlpdwhg txdwhuqlrq ydoxhv ehiruh wkh
Vxq vhqvru ehfdph dydlodeoh/ glylghg e| wkh vdp0
solqj wlph1
Dv vrrq dv wkh wzr vhqvruv +Vxq dqg pdjqh0

wrphwhu, duh dydlodeoh djdlq/ wkh VYG dojrulwkp
fruuhfwv wkh txdwhuqlrq hvwlpdwh edvhg rqo| rq
sdwfk ruelwdo orfdwlrq uhdglqjv1 Wkh uhvxowv iru
wkh VYG dojrulwkp duh vkrzq lq Wdeoh 51 Dv h{0
shfwhg/ gxh wr wkh sursdjdwlrq ri wkh txdwhuqlrq
dqg wkh dqjxodu yhorflw|/ wkh dffxudf| lv qrw vr
jrrg dv iru wkh HNI/ h{fhsw iru wkh dqjxodu yhorf0
lw|1 Wklv lv hylghqw iurp wkh sorw lq Iljxuh 5/ derxw
3198 ruelwv diwhu sursdjdwlrq wkh vwdwh/ zkhq wkh
vxq vhqvru zdv qrw dydlodeoh1 Zkhq wkh wzr vhq0
vru phdvxuhphqwv zhuh dydlodeoh djdlq/ wkh VYG
hvwlpdwhg wkh txdwhuqlrq dffxudwho|1

Ehwwhu uhvxowv/ vkrzq lq Iljxuh 4/ kdyh ehhq
rewdlqhg iru wkh HNI e| wxqlqj wkh fryduldqfh
pdwulfhv iru d vshfl�f ruelw +zklfk zrxog uhvxow
lq srlqwlqj huuruv dv orz dv 3=4r,/ exw wkhvh zrxog
qrw zrun lq wkh jhqhudo fdvh1
Wkh VYG phwkrg grhv qrw kdyh vlplodu sure0

ohp vlqfh lwv hvwlpdwhv duh rewdlqhg iurp wkh vhq0
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Iljxuh 5= Dfwxdo +vrolg, dqg VYG hvwlpdwh +grw, ri
SrVDW04 dwwlwxgh txdwhuqlrq dqg dqjxodu yhorflw|
dorqj rqh ruelw1 Wkh sorwv lqfoxgh d vljqdo zklfk
lv kljk zkhq wkh Vxq vhqvru lv dydlodeoh dqg orz
rwkhuzlvh1

vru phdvxuhphqwv1 Dqrwkhu srlqw lv wkdw wkh VYG
grhv qrw qhhg lqlwldo ydoxhv ri wkh txdwhuqlrq dv
wkh HNI grhv1 Wklv lv d vhqvlwlyh lvvxh iru wkh
HNI ehfdxvh li wkh lqlwldo fryduldqfh ri wkh huuru
lv wrr kljk wkh �owhu glyhujhv1 Pruhryhu/ wkh frp0
sxwdwlrqdo exughq lv uhgxfhg wr kdoi zkhq wkh VYG
dojrulwkp lv xvhg1

�+ghjuhhv, Vslq Udwh Huuru (
phdq 31899 3149:
�5 318<8 314<<

zruvw 41;:9 319<9
Wdeoh 5= Uhvxowv iru VYG

FRQFOXVLRQV DQG IXWXUH ZRUN
Lq wklv sdshu d srlqw0e|0srlqw +VYG, dqg uhfxu0

vlyh hvwlpdwlrq +HNI, phwkrgv iru dwwlwxgh ghwhu0
plqdwlrq zhuh whvwhg rq d uhdolvwlf vlpxodwlrq ri
wkh vpdoo vdwhoolwh SrVDW04/ lq rughu wr dqdo|vh wkh
wudgh0r� ehwzhhq dwwlwxgh ghwhuplqdwlrq dffx0
udf| dqg frpsxwdwlrqdo frvw1 Wkh HNI surgxfhv/
dv h{shfwhg/ wkh prvw dffxudwh uhvxowv/ dw wkh frvw
ri lqfuhdvhg xvh ri frpsxwdwlrqdo uhvrxufhv/ gxh
wr wkh frpsxwdwlrq ri wkh olqhdul}hg g|qdplfv dw
hdfk ruelwdo orfdwlrq1 Wkh VYG uhtxluhv wkh shu0
pdqhqw dydlodelolw| ri wzr vhqvruv/ exw rqo| rq
pdjqhwrphwhu dqg rqh Vxq vhqvru duh dydlodeoh rq0
erdug SrVDW04/ wkxv ohdglqj wr wkh uhtxluhphqw ri
sursdjdwlqj wkh dwwlwxgh g|qdplfv dqg nlqhpdwlfv
zkloh wkh Vxq vhqvru lv xqdydlodeoh1 Wklv surgxfhv
srruhu uhvxowv wkdq li VYG kdg wzr vhqvruv dydlo0
deoh dorqj wkh zkroh ruelw1 Ixwxuh zrun lqfoxghv
wkh xvh ri phdvxuhphqwv iurp dqrwkhu vhqvru do0
zd|v dydlodeoh lq vsdfh iru vpdoo vdwhoolwhv +JSV,/

frpelqhg zlwk wkh pdjqhwrphwhu phdvxuhphqwv/
wr rewdlq d pruh idlu frpsdulvrq ri wkh wzr phwk0
rgv1
Rwkhu zrun zloo frqvlvw ri ixuwkhu ydolgdwlqj

erwk phwkrgv zlwk uhdo gdwd iurp SrVDW04/ dqg
wr lqfoxgh wkh hvwlpdwruv lq wkh dwwlwxgh forvhg
frqwuro orrs1 Vrph zrun kdv douhdg| ehhq grqh
wrzdugv wklv gluhfwlrq ^54`1

DSSHQGL[ D
H[WHQGHG NDOPDQ ILOWHU
GHWHUPLQDWLRQ DOJRULWKP

Ehwzhhq phdvxuhphqwv

4 Sursdjdwlrq ri wkh vwdwh Yhfwru { @� f${@fl f$|@fl f$}@fl frt4 frt5 frt6 frt7
�W

g
gw$�

n.4 @ U i+$+w,> x+w,> w,gw.$.
n dqg t.n.4 @�frv ��W$

5
�. 4

$ vlq ��W$
5

�
 �$.
n
�� t�n zkhuh

wkh �W lv wkh wlph ehwzhhq wzr phdvxuh0
phqwv1

5 Fryduldqfh huuru pdwul{ S�
n.4 @ �nS.

n �n .
Tn zkhuh wkh wudqvlwlrq pdwul{ lv �n * L .
I +w,�W
Dfurvv phdvxuhphqwv |n.4

4 Xsgdwh K pdwul{
K.

n.4 @
k
36�6 �D+t,

�t4 t4@et4|rue
�D+t,
�t5 t5@et5|rue �D+t,

�t6 t6@et6|rue
l

5 Frpsxwh Ndopdq Jdlq
Nn.4 @ S�

n.4K�W
n.4^K�

n.4S�
n.4K�

n.4.Un.4`�4

6 Xsgdwh hvwlpdwh
�e{n.4 @ Nn.4 +|phdv>n.4 �D+etn,|rue>n,

e$.
n.4 @ e$�

n.4 .�e$n.4

et.n.4 @
� �etn.4s4� m�etn.4m5

�
 et�n.4

7 Xsgdwh K pdwul{ K.
n.4dqg frpsxwh S.

n.4 @
^4 � Nn.4K.

n.4`S�
n.4^4 � Nn.4K.

n.4`W .
Nn.4Un.4NWn.4

Zkhuh I +w, duh wkh olqhdul}hg htxdwlrqv ri pr0
wlrq/ I +w, @ �i+{+w,>x+w,>w,

�{
���{@e{ dqg xvhg wr sursd0

jdwh wkh huuru fryduldqfh pdwul{

I +w, @
� L�4 +^Lfe$fl�`� ^fe$fl�` L, 9$5rL�4Ijj4

5L6{6 �^e$fr�`
�

+49,



zkhuh
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5
97 �{

� aD566 � aD556
�

�{ +D46D56,��| +D46D56, �|
�D566 �D546

�
�} +D46D66, �} +D56D66,��{ +D66D46,

�| +D66D56,
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�D556 �D546
�
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zkhuh �{ @ �L5}} � L5||
�/ �| @ �L5{{ � L5}}

� dqg
�} @ �L5|| � L5{{

�

DSSHQGL[ E
VYG DWWLWXGH

GHWHUPLQDWLRQ DOJRULWKP
4 Jlyhq wkh phdvxuhphqwv |n.4 frpsxwh
E @ qS

l@4
zl|n.4>l|rue>lW

5 Frpsxwh wkh vlqjxodu ydoxh ghfrpsrvlwlrq
^X>V> Y ` @vyg+E,>

6 Frpsxwh wkh Dwwlwxgh pdwul{ Drsw @ X
gldj � 4 4 ghw+X, ghw+Y , �Y W

7 Frpsxwh wkh fryduldqfh huuru pdwul{/
S @ X gldj�� +V55 . �,�4 +� . V44,�4 +V44 . V55,�4 ��XW

zkhuh � @ ghw+X, ghw+Y ,V66

+iuihi?Uit
^4` Edn/ W1/ %Vsdfhfudiw Dwwlwxgh Ghwhuplqdwlrq 0

d Pdjqhwrphwhu Dssurdfk%/ SkG1 wkhvlv1 Ddo0
eruj Xqlyhuvlw|1

^5` Edu0Lw}dfn/ L1 \1/ Pdunoh|/ O1 dqg Ghxwfk0
pdqq/ M1 N1 %Txdwhuqlrq Qrupdol}dwlrq lq
Dgglwlyh HNI iru Vsdfhfudiw Dwwlwxgh Gh0
whuplqdwlrq%/ Lq surf1= Ioljkw Phfkdq0
lfv2Hvwlpdwlrq V|psrvlxp%1

^6` Fohphqwv/ U1/ %Vpdoo Vdwhoolwh Dwwlwxgh
Forvhg Orshg Frqwuro xvlqj d Ndopdq Ilowhu
Hvwlpdwru%/ UW07360<</ Lqvwlwxwr gh Vlvwhpdv
h Ure�rwlfd +LVU,/ Lqvwlwxwr Vxshulru W�hfqlfr
+LVW,/ 4<<<1

^7` Fudvvlglv/ M1 O1/ dqg Pdunoh|/ I1 O1/ %Dq
PPH0Edvhg Dwwlwxgh Hvwlpdwru Xvlqj Yhf0
wru Revhuydwlrqv%/ Surfhhglqjv ri wkh Ioljkw
Phfkdqlfv2Hvwlpdwlrq Wkhru| V|psrvlxp/
QDVD Jrggdug Vsdfh Ioljkw Fhqwhu/ Juhhq0
ehow/ PG/ 4<<8/ ss1 46:04841

^8` Fudvvlglv/ M1 O1 dqg Pdunoh|/ I1 O1 %Suhglf0
wlyh Ilowhulqj iru Dwwlwxgh Hvwlpdwlrq Zlwk0
rxw Udwh Vhqvruv%/ Mrxuqdo ri Jxlgdqfh/ Frq0
wuro dqg G|qdplfv/ Yro1 53/ Qr1 6/ Pd|0Mxqh/
4<<:1

^9` Gdyhqsruw/ S1/ %D Yhfwru Dssurdfk wr wkh Do0
jheud ri Urwdwlrqv zlwk Dssolfdwlrqv%/ QDVD
Whfkqlfdo Qrwh WQ G079<9/ Dxjxvw 4<9;1

^:` Kxjkhv/ S1/ %Vsdfhfudiw Dwwlwxgh G|qdplfv%/
Mrkq Zloh| ) Vrqv/ 4<;9

^;` Kzdqj/ Urehuw J1 E1 S1 \1/%Lqwurgxfwlrq
wr Udqgrp Vljqdov dqg Dssolhg Ndopdq
Ilowhulqj0zlwk pdwode H{huflvhv dqg Vrox0
wlrqv%/ Wklug0hglwlrq/ Zloh|1

^<` Lw}kdfn \1 Edu0Lw}kdfn/ %UHTXHVW= D Uh0
fxuvlyh TXHVW Dojrulwkp iru Vhtxhqwldo
Dwwlwxgh Ghwhuplqdwlrq%/ Mrxuqdo ri Jxlg0
dqfh/ Frqwuro dqg G|qdplfv/ Yro1 4</ Qr1 8/
Vhswhpehu0Rfwrehu 4<<9/ ss1 43670436;1

^43` Oh�huwv/ H1 M1/ Pdunoh|/ I1 O1/ dqg Vkxvwhu/
P1 G1/ %Ndopdq Ilowhulqj iru Vsdfhfudiw Dwwl0
wxgh Hvwlpdwlrq%/ Mrxuqdo ri Jxlgdqfh/ Frq0
wuro dqg G|qdplfv/ Yro1 8/ Qr1 8/ 4<;5/ ss1
74:075<1

^44` Ohuqhu/ J1 P1/ %Wkuhh0D{lv Dwwlwxgh Ghwhu0
plqdwlrq%/ Vsdfhfudiw Dwwlwxgh Ghwhuplqd0
wlrq dqg Frqwuro/ hglwhg e| M1 U1 Zhuw}/ Uhl0
gho/ Gruguhfkw/ Wkh Qhwkhuodqgv/ 4<:;/ ss1
753075;1

^45` Ox/ S1/ %Qrqolqhdu Suhglfwlyh Frqwuroohuv iru
Frqwlqxrxv V|vwhpv%/ Mrxuqdo ri Jxlgdqfh/
Frqwuro/ dqg G|qdplfv/ Yro1 4:/ Qr1 6/ Pd|0
Mxqh/ 4<<7/ ss1 88608931

^46` Pdunoh|/ I1 O1/ %Dwwlwxgh Ghwhuplqdwlrq Xv0
lqj Yhfwru Revhuydwlrqv dqg Vlqjxodu Ydoxh
Ghfrpsrvlwlrq%/ Mrxuqdo ri wkh Dvwurqdxwl0
fdo Vflhqfhv Qr1 69/ ss1 578058;1

^47` Pdunoh|/ I1/ %Krz wr hvwlpdwh Dwwlwxgh
iurp Yhfwru Revhuydwlrqv%/ DDV2DLDD Dv0
wurg|qdplfv Vshfldolvw Frqihuhqfh/ Jluzrrg/
Dodvnd/ 4<<<1

^48` Pdunoh|/ I1 O1/ %Dwwlwxgh Ghwhuplqdwlrq iurp
Yhfwru Revhuydwlrqv= D Idvw Rswlpdo Pdwul}
Dojrulwkp%/ Mrxuqdo ri wkh Dvwurqdxwlfdo Vfl0
hqfhv/ Yro1 74/ Qr1 5/ 4<<6/ ss1 59405;3

^49` Pduwho I1/ Sdo S1 N1 dqg Svldnl P1 O1/ %Wkuhh0
D{lv Dwwlwxgh Ghwhuplqdwlrq yld Ndopdq Ilo0
whulqj ri Pdjqhwrphwhu Gdwd%/ Mrxuqdo ri
Jxlgdqfh/ Frqwuro dqg G|qdplfv/ Yro1 46/
Qr1 6/ 4<;</ ss1 83908471



^4:` Prrn/ G1 M1/ dqg Mxqnlqv/ M1 OO1/%Plqlpxp
Prgho Huuru Hvwlpdwlrq iru Srruo| Prghoohg
G|qdplfv V|vwhpv%/ Mrxuqdo ri Jxlgdqfh/
Frqwuro dqg G|qdplfv/ Yro1 6/ Qr1 7/ 4<<;/
ss1 69:06:81

^4;` Vkxvwhu/ P1 G1/ dqg Rk/ V1 G1/ %Wkuhh0D{lv
Dwwlwxgh Ghwhuplqdwlrq iurp yhfwru Revhuyd0
wlrqv%/ Mrxuqdo ri Jxlgdqfh dqg Frqwuro/ Yro1
7/ Qr1 4/ 4<;4/ ss1 :30::1

^4<` Vlgl/ M1/ %Vsdfhfudiw G|qdplfv dqg Frqwuro%/
Fdpeulgjh Dhurvsdfh Vhulhv/ 4<<:1

^53` Wdyduhv/ S1/ Olpd1 S1/ Wdexdgd/ S1/ %Vdwhoolwh
Dwwlwxgh Frqwuro Sureohp%/ fkdswhu lq Frq0
wuro ri Frpsoh{ V|vwhpv +FRV\,/ Vsulqjhu0
Yhuodj/ Ehuolq/ 53331

^54` Fohphqwv/ U/ Wdyduhv/ S1/ Olpd1 S1/ %Vpdoo
Vdwhoolwh Dwwlwxgh Frqwuro Edvhg rq d Ndopdq
Ilowhu%/ Surf1 ri LHHH LVLF 5333 +9 sdjhv,1

^55` Vkxvwhu/ P1 G1 %D Vxuyh| ri Dwwlwxgh Uhsuh0
vhqwdwlrqv%/ Mrxuqdo ri wkh Dvwurqdxwlfdo Vfl0
hqfhv/ Yro1 74/ Qr1 7/ 4<<6/ ss1 76<084:1

^56` Ydwkvdo/ V1/ %Vsdfhfudiw Dwwlwxgh Ghwhuplqd0
wlrq Xvlqj d Vhfrqg0Rughu Qrqolqhdu Ilowhu%/
Mrxuqdo ri Jxlgdqfh/ Frqwuro dqg G|qdplfv/
Yro1 43/ Qr1 9/ Qry10Ghf1/ 4<;:1

^57` Zdked/ J1/ %D Ohdvw0Vtxduhv Hvwlpdwh ri
Vdwhoolwh Dwwlwxgh%/ VLDP Uhylhz/ Yro1 :/ Qr1
6/ 4<98/ s173< +sureohp 9804,1

^58` Zdug/ M1 Z1/ Surfh/ K1/ %SrVDW04%/ lq=
Zhuw}/ M1U1/ Oduvrq/ Z1 M1/ Uhgxflqj Vsdfh
plvvlrq Frvw/ Vsdfh Whfkrqrj| Oleudu|1

^59` Zhuw}/ M1 U1/ % Vsdfhfudiw Dwwlwxgh Ghwhupl0
qdwlrq dqg Frqwuro%/ Dvwursk|vlfv dqg Vsdfh
Vflhqfh Oleudu| Yro1 :6/ Noxzhu Dfdghplf
Sxeolvkhuv1


