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Abstract"

A N-Dimensional"(ND™) projective repre-
sentation to support qualitative spatial
reasoning is presented. The principal fea-
tures of this representation are, the
translation from a N-dimensional Euclid-
ean space into a NDT world without lost
of its spatial properties, the compression
of data on qualitative representation of
elements, the representation of change
using a minimal set of operators, the
completion and consistency of all world
topological descriptions, and the auto-
matic definition of all topological rela-
tionships among elements.

Consequently the resulting ND* reasoning
process is very effective. This offers four
significant advantages over other multi-
dimensional spatial reasoning approaches.
Firstly, the topological relations among
elements are intrinsic to the representa-
tion and therefore the exponential growth
in the number of relations w.r.t. the
number of elements and the dimensional-
ity of space does not happen. Secondly,
there is no generation of inconsistent
topological descriptions and consequently
the computational resources demanded to
generate, test and purge inconsistent de-
scriptions are no longer needed. Thirty,
there is no place of incomplete topological
definitions and then, also, in this aspect
no computational resources are expended.
Finally, the computational cost of ma-
nipulating a ND* space increases linearly
N times when compared with a 1D
space.

For the present, as this representation is
completely pictorial, which means it does
not incorporate verbal definitions, then
all world elements with any shape are
qualitatively transformed into world"
regions that are bodies with boundaries
parallel to the projective axis.
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Notwithstanding this drawback, the
spatial properties of the real world will
not be lost in the ND* world as suggested
by the results obtained by the
implemented system.

1 Introduction

Two of the most challenging and hard problems
in A.l. is how an artificial system performs auto-
matically reasoning about an unknown domain or
about a known NP complete domain where the
complexity and the computational resources
needed to solve problems grow up exponentially.
Particularly in spatial reasoning, there is a lot of
research work concerned with one [Allen,
1991],[Detcher et al., 1991] and two dimensional
spaces [Hernandez, 1991],[Freksa, 1991], [Retz-
Schmidt, 1998] but with respect to spaces with
three or more dimensions a few successful ap-
proaches have been developed (to our knowledge)
[Coenen et al., 1998]. Scaling up spatial ap-
proaches developed to solve one or two dimen-
sional domains into three or more dimensions al-
most generates a combinatorial explosion in the
number of relations needed to representing the
domain relationships among elements and in the
computational resources to solve problems.

The question how to model an artificial system
and its environment is a question stressed in [Al-
bus, 1984] and his opinion is completely shared
by us because we are convinced that the way of
representation knowledge about the world can
make the reasoning process simpler or harder in
solving problems. And the most important part of
the world representation done by the human be-
ings in every day life seems to be almost qualita-
tive.

As the real world space is hard to model a sim-
pler model of space named 2D* world was pro-
posed in [Backstrom, 1990]. It is based on a geo-
metrical logic that is a first order predicate cal-
culus composed by primitive and derivable predi-
cates. The main objective of 2D* world was to
model simplified geometrical objects and me-
chanical assembly processes with real effective-
ness, in terms of results and in the aim of pre-



serving the real word properties.

The projective representation here presented
shares one characteristic with 2D* world that is
the shape of elements, which have parallel
boundaries with the projective axis. However,
excluding the referred aspect, the ND* projective
representation is completely pictorial whereas the
2D" approach is based on verbal characterization
(predicates).

The ND* projective representation (ND*PR) is
based on fundamental geometric principles
[Ayres, 1967] and has N projective axis. A region
is a body with boundaries parallel to all projec-
tive axis and in each projective axis an existing
region is defined by two projective region vertex,
the start and the end vertex projections. Conse-
quently the ND*PR is a completely pictorial ap-
proach and its principal features can be summa-
rized as follows:

e Data compression because each region is only
identified in each projective axis by its start
and end vertex projections.

e All topological descriptions are complete and
consistent.

e All topological relationships among elements
are automatically defined.

e Just two movement operators Jeft and right
generate change in each projective axis.

e The one-dimensional reasoning process is ef-
fective as consequence of the mentioned fea-
tures.

*  The extensibility from a 1D to a ND* rea-
soning process just requires an N times repeti-
tion of the 1D* algorithm.

A more detailed discussion of the ND* projective
representation will be presented in section 2. A
definition of 1D operators will be done in section
3 and its extensibility to a multidimensional
space. In section 4 will be presented the algo-
rithm that supports the one-dimensional reason-
ing process of our system and its extensibility to
a multidimensional space. Results in different di-
mension space will be showed in section 5. Fi-
nally, in section 6 we discuss the drawback of a
complete pictorial approach and how in future
work it can be solved.

2 The One-Dimensionalt Pro-
jective Representation

The foundations of this representation are based
on three geometrical concepts that are by hierar-
chical order the projective axis, the projective
axis vertex, and the projective region vertex.

2.1 Projective Axis

A projective axis is a straight line that defines a
1D representation in the Euclidean Space.

The representation of an ND™ space is done using
N projective axis that can be defined
as S, ={4q.....A,}, where A, represents the it
projective axis. Particularly, the 3D" space can
be represented as Sg ={A;, Ay, A3} that defines the

space showed in figure 1.

2.2 Projective Region Vertex

A projective region vertex is a form to repre-
senting start and end points of a region projec-
tion over a certain projective axis. A region is a
body with boundaries parallel with all projective
axis and it can be considered as a result of a
geometrical transformation applied to a physical
element with any shape. For instance, figure 1
showed a geometrical transformation from a
physical element to a region into a 3D* space.

A
Figure 1: The 3D+ geometrical transformation.

The existing regions into a domain can be repre-
sented by a set R, =1{r,n,...,n;}, such that r; rep-
resents jIh region into a domain.
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Figure 2: Projective region vertex.

A projective region is represented in each projec-
tive axis by two vertex, V! - the character s’
identifies the projective start vertex of region j
over an axis A,, and V- the character ’e’ de-
fines the projective end vertex of region j over an
axis A, (see figure 2)

2.3 Projective Axis Vertex

A projective axis vertex is an entity V,* that rep-
resents the m™ vertex axis into a projective axis
A, ., and it exists whether it always holds at least
one projective region vertex. This means that a
projective axis vertex is a non-empty set of pro-
jective region vertex.

An example is showed in figure 3, where is de-
fined a three dimensional space with two regions,
which produce four projective region vertex in
each projective axis but the number of projective



axis vertex can vary between two and four de-
pending from the spatial position of regions.

example :

o7 ={r2.v2)
6% = {Ve%l ’ VeQ.,Q}
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Figure 3: Projective axis vertex.

2.4 Shape of Regions

In 1D space a region is an interval between the
start and the end projective region vertex. In 2D*
space a region is a rectangle or a square defined
by four projective region vertex, two in each
projective axis. In 3D" spaces a region is a cube
and, in spaces greater than 3D" regions are hy-
percubes.

3 Projective Operators

3.1 1D Positional Operators

All desired information about the world should be
derivable from the primitive positional opera-
tors, which themselves should not be derivable
from each other. The primitive positional opera-
tors define a minimal model of the world and are

just defined by the set {<< =}.
o VI <<V/, : means that the projective region
start vertex V. 1is closer than the end vertex

Ve, from the projective axis origin of a.
s VI =V : signifies that these two projective
region vertex are equidistant from the projec-
tive axis origin.
The derivable positional operators are useful to
defining topological relationships among projec-
tive region vertex. These operators are asserted
using primitive positional operators, as follows:

© Leplvi)=e, cove, 00, (v, << ve)
o mignilvy,)=5, ove,, 0t g <<ve,)
« Coincident{V2,)=y2, -0V, 0y, (e, = ve)

7,7

3.2 1D' Relational Operators

Relational operators are used to defining a set of
primitive topological relationships among regions

into a projective axis 4;, which are defined as

follows:
OUT@?(]PTP]”T( A, 7) D
Or, O O(j L dLe ff(

Outside Righ,t(A] =Ti) = X} a

o, O VL, O righil,)
OutsideLeftCoincident(Al , TL-) = ¢!

O Or, D(\OZ1 : Vlz 0 Coincident(‘/s{i)

Outside Right(joincident(%l] ,ri) = 5}

0 O, 08):V) O Coincident(Ve]j)
CompletelyCoincident(Al,rl-) =¢l 0 Or, Oel:
vl O Coz’ncident(Vl-) ov}, 0O Coincident(Ve{i)
C’ompletely[nsidﬁ( A, 7) d)]

Or, 0¢;:V,), O Rz-gh’t(‘/:.i)[lve].m O Le.ft(‘/e].j)
InsideLeftCoincident(Al,TL-) = y} O Or, Dy} :
vl O Coz‘ncident(vs{ l.) OV}, OLe ft(Vell
TnsideRight(joincidenf(A 7“) n} O Or, Dn} :
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vl O Right(‘/:j) ov). O C’mncident(Ve]j)
OverlappedRight(4,,r,) =\ O Or, OAL

vl O (Right(vs{ i)ﬂ Le ft(v; L)) ov}, O Right(ve{ l.)
OverlappedLe ft(A,,r,) = ! O Or, Do) :

Vi, 0replvy )ov, o mignelyi,)n resdvy,)

3.3 ND' Operators

In a ND* world, scaling up positional operators
from 1D* to ND* just requires to substituting the
symbol A; that represents the unique projective
axis by the current projective axis A4;.

Analyzing figure 3 that represents a region
into a 3D" space and considering the 1D*
positional operator Left applied over all projec-
tive axis, then the resulting positional operators
are Left\V) ), Left\Vy) and Left\V)) that can be
usually intended in common sense as left, back-
ward and below operators. Thus, a correct inter-
pretation of our relational operands depends on
the distribution of the projective axis over the

Euclidean Space.

The previous example illustrates how to expand-
ing all our operands from a 1D" world to a ND*
world. Tn fact, it just consists of substituting the
parameter A; in formulae presented in sections
3.1 and 3.2 by the parameter A;, which is the i’
projective axis among N.

4 NDT' Projective Reasoning
Process

4.1 Movement Operators

Just two atomic movement operators are able to
generate change over each projective region ver-
tex along each projective axis.



*  MoveVertezLe ft\V},.9%) : moves a projective
region vertex V;  from the current projective
axis vertex ¥4 to its left projective axis ver-
tex.

*  MoveVertexRight\Vy,,9%] : changes a projec-
tive region vertex Vj  from the current pro-

Jective axis vertex ¥ to another projective
axis vertex on its right.

9%)

MoveVertexLeft( V;

s

RemoveRegionVertex V{, from 9

IF (Dv;b, Ly VL, 084, 0V, Da;)
CreateProjectiveVertex 9} : 8'_; << 8} <<9/
InsertRegionVertex V! into V

ELSE |
InsertRegionVertex V{, into &

IF (19; = QJ) RemoveAxisVertex( 8" )

Figure 4: Move left a start region vertex.

If none of these operators are applied another
movement operator that generates no change is
defined as NoMoveVertex\Vy ., 95] .

MoveVertexLeft( V!

er? Sly )

RemoveRegionVertex V! from 9

1F (72, 0930 )0 v v, 093 012, 09)
CreateProjectiveVertex 9} : 9 << 8 <<}
InsertRegionVertex Vj_’r into 9}

ELSE
InsertRegionVertex Vj_’r into 8;_1

IF (877 = (D) RemoveAxisVertex(8)

Figure 5: Move left an end region vertez.

MoveVertexRight( Vsir ,9%)

J

RemoveRegionVertex V{, from 9

IF (Vi Dagﬂ)D(DV{b,Ve{b VY Dag avy, Dagﬂ)

e,r s
CreateProjectiveVertex 8} : 9% << 8} << 87,
InsertRegionVertex V/, into 9

FLSE
InsertRegionVertex V!

IF (197] = (D) RemoveAxisVertex( 97 )

Figure 6:Move Right a start region vertex.

into 9%,

The movement operators must guarantee conti-
nuity between vertex regions and regions. Thus,
when a vertex region axis Vj, moves along any
domains region movement operators must guar-
antee change across spatial relationships from

Left to Right or the opposite, depending of the
movement direction. Considering such rules, the
algorithms to describing these operators are pre-
sented in figures 4, 5, 6 and 7. Note that in these
figures the projective region vertex V! and V],
are considered into the projective vertex 9.

MoveVertexRight( Vei,r ,9%)
RemoveRegionVertex V/, from 9
1 ([, vi, 08, 0vi, 000,
CreateProjectiveVertex 8} : 9% << 8} << 87,

InsertRegionVertex VE{T into 9%
ELSE

InsertRegionVertex Ve’lr into S;H
1F (197] = (D) RemoveAxisVerteX(ﬁg)

Figure 7: Move right an end region vertex.

4.2 ND'" Movement Algorithms

Particularly, 1D algorithm takes advantage of
the relational and movement operators defined in
previous sections. Considering ¢; and F as being
the current and final projections over the unique
projective axis the 1D* algorithm is as showed in
figure 8.

OneDimensional Spatial Movement(C,, F)
WHILE (c, # 1)
FOR each one of all axis vertex 8} oc
FOR each one of all region vertex V., O 8}
v () on)
¥ (el )oe) o (enlvy )o r)
MoveVertexRight(V;WS})
ELSE
I (wignlv,)oc)o (piam{y, )0 r)
Mm)eVeTtemLeft(Vgr,S})

Figure 8: The 1D" Movement Algorithm.
The 1D* algorithm complexity is quadratic in
order to the number of projective region vertex
into the projective axis. As the number of projec-
tive region vertex are only two per region and
whether considering K regions into domain, then
the complexity in worst case can be represented
as OR? x K*)

Generally, ND* algorithm just requires executing
1D" algorithm for each one of the N projective
axis, as illustrated in figure 9, consequently the
resulting complexity of the ND* algorithm is
OW x2¢x K<) . For instance, to find out a solu-
tion in a 3D space is three times more expensive
than in one-dimensional space, considering an



equal number of regions in both spaces.
[N Dimensional Spatial Movement()
WHILE (Cy # Fy)
FOR each i of N projective axis
IF (¢, 2 F)
OneDimensionalSpatial Movement(C, , F, )
Figure 9: The ND™ Movement Algorithm.

Then, the complexity of this approach increases
linearly in order to the dimensionality of the do-
main.

5 Results

The ND*PR behavior can best be illustrated by
considering an example in a 3D' world with 2
regions named X and Y, as showed in figure 10.

Ay A, Ay
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Figure 10: The 3D7 initial and final states.

The solution paths generated by the ND*PR ap-
proach to the problem described in figure 10 is
showed in figure 11 respectively. Such solution
path is an optimal solution path and it is the first
one generated by the ND*PR approach.
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Figure 11: The 3D optimal solution path.
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6 Conclusions and Future Work

As can be seen NDTPR is a completely pictorial
approach in modeling N-dimensional domains re-
quiring few computational resources to solve

problems.

However this representation and its reasoning
process is not able to dealing with spatial con-
straints that occur in real-world problems by the
intrinsic physical properties of elements (e.g., im-
penetrability, rigidity, etc.). Also, the notion of
the original shape of bodies is lost when the ND*
geometrical transformations are performed. For
all that, the effectiveness of the implemented sys-
tem encourages us to solve its drawbacks as
quickly as possible.

Apparently the human brain works interleaving
both pictorial and verbal knowledge to solving
problems. The challenge is, therefore, to make
possible an architecture, which incorporates ver-
bal knowledge on the presented pictorial repre-
sentation without degrading the system effective-
ness.
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