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Optimal Control on Lie Groups: The Projection
Operator Approach

Alessandro Saccon, John Hauser, and A. Pedro Aguiar

Abstract—Many nonlinear systems of practical interest evolve
on Lie groups or on manifolds acted upon by Lie groups. Ex-
amples range from aircraft and underwater vehicles to quantum
mechanical systems. In this paper, we develop an algorithm for
solving continuous-time optimal control problems for systems
evolving on (noncompact) Lie groups. This algorithm generalizes
the projection operator approach for trajectory optimization
originally developed for systems on vector spaces. Notions for
generalizing system theoretic tools such as Riccati equations and
linear and quadratic system approximations are developed. In this
development, the covariant derivative of a map between two man-
ifolds plays a key role in providing a chain rule for the required
Lie group computations. An example optimal control problem
on SO(3) is provided to highlight implementation details and to
demonstrate the effectiveness of the method.

Index Terms—Differential geometry, geometric approaches, Lie
groups, optimal control, projection operator approach, Riccati
equations.

I. INTRODUCTION

HE optimal control of a continuous time process is
among the oldest and most extensively studied problems
in control theory. The main pillars of optimal control theory
are Bellman’s principle of optimality [1] and Pontryagin’s
maximum principle [2], both developed during the 1960s,
and the Hamilton—Jacobi—Bellman partial differential equation
and its unique viscosity solution [3], [4], studied deeply in
the 1980s. Many books have been written on the subject, a
sampling includes [5]-[7].
Various numerical methods have been proposed in the liter-
ature for solving optimal control problems on R™. A method
is called indirect if it seeks to solve the first order necessary
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optimality conditions of the Pontryagin maximum principle,
requiring the solution of a two-point boundary value problem.
On the other hand, a method is called direct if the minimization
problem is tackled directly, generating a descending sequence
of trajectories. In a direct method, the continuous-time op-
timal control problem is typically transcribed into a finite
dimensional constrained optimization problem by discretizing
the continuous time dynamics, integral cost, and state-input
constraints; the transcribed problem is then solved by using a
state-of-the-art nonlinear programming solver.

The purpose of this paper is to present an algorithm for
solving continuous time optimal control problems for systems
evolving on Lie groups. The proposed numerical algorithm
can be used for solving general optimal control problems on
Lie groups, without restricting the attention to left (or right)
invariant optimal control problems. Part of this work has been
reported in preliminary form in [8]-[10].

Theoretical investigations on optimal control problems on
Lie groups began in the 1970s, with the pioneering works of
Brockett [11] and Baillieul [12]. The literature on optimal con-
trol problems on Lie groups has grown steadily since then and
the field is still an active area of research [13]. Quite interesting
sources are the excellent book of Jurdjevic [14, Ch. 12] and the
more recent book of Agrachev and Sachkov [15, Ch. 18] and
references therein.

Despite the large and growing literature on geometrical inte-
gration [16], [17] and finite dimensional optimization on smooth
manifolds [18], [19], there are not so many numerical algo-
rithms available for solving continuous-time optimal control
problems on Lie groups. Exceptions to this general statement
include the recently-proposed numerical algorithms to address
optimal control problems for mechanical systems evolving on
smooth manifolds (such as Lie groups) presented in [20]-[22].

The algorithm proposed in this work is a direct method for
solving continuous time optimal control problems, generating a
descending sequence of system trajectories. In contrast to many
direct methods, the continuous-time optimal control problem is
not transcribed into a discrete optimization problem, but rather
a continuous-time second-order approximation is computed at
each iteration. We borrow from and expand the key results of the
projection operator approach for the optimization of trajectory
functionals developed in [23] to the class of systems evolving
on Lie groups. The projection operator based optimization ap-
proach can handle optimal state transfer [24] and state-control
constraints using a barrier function approach [25]. It has been
used, in the context of virtual prototyping, to obtain a dynamic
inversion procedure for the dynamics of a racing motorcycle
[26]. Further applications include [27], [28], and [29].
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The algorithm can be viewed as a generalization of Newton’s
method to the infinite dimensional setting and exhibits a
second-order convergence rate to a local minimimzer at which
the second-order sufficient condition (SSC) for optimality
holds. At each step, a quadratic model of the original cost func-
tional is constructed about the current trajectory iterate. The
quadratic model is obtained from first and second derivatives of
the incremental cost, terminal cost, and control system vector
field. An interesting property of the algorithm, which connects
it to indirect methods, is that it also generates a sequence of
adjoint state trajectories that converges, as a local minimum
is approached, to the adjoint state trajectory of the first-order
necessary condition. These key properties are maintained in
the extension to Lie groups that we propose in this work. We
also provide a simple nontrivial optimization example which is
worked out in detail to illustrate the method.

The paper is organized as follows. The projection oper-
ator approach for the optimization of trajectory functionals
in Banach space, originally proposed in [23], is reviewed in
Section II. In the same section, after introducing the notation on
differential geometry used throughout the paper, a high-level
description of the projection operator approach on Lie groups
is presented. The remaining sections of the paper provide the
low-level details of the method. In particular, Section III in-
troduces the definition of the left-trivialized linearization of a
control system on a Lie group and Section IV presents the
key concept of covariant derivative of a map between two
manifolds. Section V defines the Lie group projection oper-
ator P together with its linearization and second covariant
derivative. Section VI details the search direction subproblem
which is at the heart of the projection operator optimization
strategy. A numerical example is presented in Section VII to
demonstrate the effectiveness of the method. Conclusions are
drawn in Section VIII. Further technical details are collected
in Appendices A and B.

II. PROJECTION OPERATOR APPROACH

This section reviews the projection operator approach on a
vector space [23], before presenting its extension to Lie groups.
The section also introduces the basic notation and symbols that
will used frequently throughout the paper.

A. Review of the Projection Operator Approach on a Vector
Space

The projection operator approach to the optimization of tra-
jectory functionals is an iterative algorithm which, in its eas-
iest formulation, allows one to perform local Newton (or quasi-
Newton) optimization of the cost functional

B, ) = /O (), u(r) ) dr + mlz(t) (1)

over the set of trajectories of a nonlinear system & = f(z, u),
z € R", w € R™, subject to a fixed initial condition z¢. In
this paper, we use the word frajectory in an extended sense to
indicate the state-control pair 7(t) = (x(¢),u(t)), ¢ > 0, that
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satisfies @:(t) = f(x(t), u(t)) for all £ > 0. As usual, “all #”
means “almost all #” in the sense that

() = £(0) + /0 f(a(r), u(r)) dr

where [ ---dr is the Lebesgue integral. The cost functional A
appearing in (1)—which is defined in terms of the incremental
and terminal costs [ and m—as well as the control vector field
f are assumed to be sufficiently smooth and regular [23].

As shown in [30], the set 7 of trajectories of the nonlinear
control system & = f(x,u) has the structure of a (infinite
dimensional) Banach manifold, a fact that allows one to use
vector space operations [31] to effectively explore it. To work
on the trajectory manifold 7, one projects state-control curves
in the ambient Banach space onto 7 by using a local linear
time-varying trajectory tracking controller. To this end, suppose
that £(t) = («(t), p(t)), t > 0, is a bounded state-control curve
(an approximate trajectory) and let #(t) = («(¢), u(t)), t > 0,
be the trajectory of & = f(x,u) determined by the nonlinear
feedback system

i(t) = F(t), ult)),
u(t) = ju(t) + K (8)(alt) - 2(1))

with £(0) = z4. Under the hypotheses that the control vector
field f is (at least) twice continuously differentiable and the gain
K is bounded [30], this feedback system defines a continuous,
nonlinear operator

Pié=(a,p)—n=(xu).

It is straightforward to see that £ is a fixed point of P, £ = P(&),
ifand only if € is a trajectory of the control system 4: = f(z, u).
This ensures that P? = P so that P is a projection operator.
With this projection operator at hand, one can see [23] that the
constrained and unconstrained optimization problems

15215}’1(5) and méinh(?’(f))

are essentially equivalent in the sense that a solution to the first
constrained problem is a solution to the second unconstrained
problem, while a solution to the second problem is, projected by
‘P, a solution to the first problem. Using these facts, one may de-
velop Newton and quasi-Newton descent methods for trajectory
optimization in an effectively unconstrained manner by working
with the cost functional A(&) := h(P(£)). The algorithm pro-
posed in [23] is the following:

Algorithm (Projection operator Newton method)

given initial trajectory £y € T
for:i =0,1,2,...
redesign feedback K if desired/needed

= argcénTi;lTDfNL(Ei) C+ 3D(&) - (¢,€)
(search direction)  (2)
vi = arg min h(& 4+ () (step size) 3
7€(0,1]
§iv1 = P& + i) (update) 4)

end
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Fig. 1. Projection operator approach: (a) at each iteration, the linearization of
the control system about the trajectory £; defines the tangent space to the trajec-
tory manifold 7" at &;; (b) the constrained minimization over the tangent space
of the second-order approximation of the extended cost functional h = h o P
yields the search direction ¢;; (c) the optimal step size is computed through a
line search along (;; (d) the search direction {; and step size +; are combined
to obtain a new update trajectory &;_, . (a) Trajectory manifold. (b) Search di-
rection. (c) Line search. (d) Update.

Note that the functional / and the projection operator P de-
pend on the choice of the feedback K. In (2), DA(E;), and
DQFL(&) are the first and second Fréchet derivatives of the Ba-
nach space functional h.Whené € 7 and ¢ € T.7, the first
derivative DA(¢)-¢ is equal to DA (€) -, i.e., it does not depend
on P (since, in this case, DP(£) - ¢ = ().

At each step, the minimization of a second-order approxima-
tion of the extended cost functional / provides a search direc-
tion. Then an optimal step size is computed through a line search
(a pure Newton method would use a fixed step size of v; = 1).
Combining the search direction (; with step size v; a new up-
date trajectory &; 1 is computed by projecting the curve &;+;(;
onto the trajectory manifold 7 and the algorithm restarts (unless
a termination condition is met). An illustration of the approach
is shown in Fig. 1.

The optimal search direction ; computed in (2) is constrained
to lie on the tangent space to the trajectory manifold at the
current iterate, i.e., (; € T, 7. This is not restrictive since,
as established in [30, Prop. 3.2], P can be used to define a
bijection between neighborhoods of a trajectory & € 7 and
the origin of its tangent space 77 . The condition (; € T, 7T
simply means that ¢; (%) := (2;(¢),v:(f)) € R x R™, ¢ > 0,
is a trajectory of the linearization of the control system & =
f(z,u) about the current trajectory iterate &;. The search di-
rection subproblem (2) is, in practice, a linear quadratic (LQ)
optimal control problem, where the functional to be minimized,
DA(&)- ¢+ (1/2)D2A(&) - (¢, ¢), is the quadratic model func-
tional given by the first two terms of the Taylor expansion of
the functional ﬁ(fi + ¢) with respect to ¢ [23, Sec. 3]. The
LQ problem is defined using first- and second-order deriva-
tives of the nonlinear system and the incremental and terminal
costs about the current (nonlinear system) trajectory iterate. It
can be solved by computing the solution to a suitable differ-
ential Riccati equation (and an associated adjoint system). In
particular, in the vector space case, the usual chain rule applies
and one finds that D2A(£) - (¢, ¢) is a well defined object given

by
D?1(€)(¢,¢) = D2M(E)-(¢, ) +DA(E)-D*P(£)-(¢.C) (5)
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for £ € 7 and ¢ € T¢T [30]. Note that D*P(£) is the second
Fréchet derivative of the Banach space operator P.

When the system evolves on a Lie group, a number of inter-
esting questions arise. What is the linearization of the system?
How do we define and compute a second-order approximation
of the system? What Riccati equation(s) can we associate with
a Lie group trajectory optimization problem? One purpose of
this paper is to develop appropriate notions to address these
questions.

Notation and Definitions

We assume that the reader is familiar with the theory of fi-
nite dimensional smooth manifolds, matrix Lie groups, and co-
variant differentiation. We refer to the books [32]-[34] for a re-
view on differentiable manifolds and covariant differentiation
and to [35]-[37] for a review of the theory of Lie groups and Lie
Algebra. Many of these topics are also covered in [38] and [39].

Notation:

M,N Smooth manifolds

x Point on the manifold

T.M, T:M Tangent and cotangent spaces of M at x

v, W Tangent vectors

TM, T"M Tangent and cotangent bundles of M

T:ITM—- M Natural bundle projection from T'M to M

X:M—TM  Generic vector field on M

f:M— N A map from M to V

Df:TM — TN Tangent map of f

DhA(£) - ¢ Fréchet derivative of the functional £ at
¢ in the direction (

D2h(¢) - (¢1,¢z) Second Fréchet derivative of / at & in the
directions (7 and (5

¢:M— N Diffeomorphism between M and NV

'Y Pull-back of the vector field
Y on N through ¢, i.e.,
#*Y(2) = Dy () - Y ((x))

0 X Push-forward of the vector field X on M
through @, i.e., o X = (¢ 1)*X

\Y Affine connection

VxY Covariant derivative of the vector field Y
in the direction X

DY - X Covariant derivative (alternative notation)

D, Covariant differentiation with respect to
the parameter ¢

y(t),t el Curve (defined on the interval I C R)

Pf)} —tV, Parallel displacement along v, from £ = ¢

D*f(x) - (v, w)

to ¢ = 11, of the vector Vy € T’y M
Second covariant derivative of the map f
at xz € M evaluated in the directions v,

we T .M
G Lie group
g Lie algebra of G
e Group identity
Lyz, Ryz Left and right translations of z € G by

geqG
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gz, rg, Shorthand notation for L,z and Ryx

gv,vg Shorthand notation for DL, (z) - v,
DR,(z)-v,withv € T,M

[, ] Lie bracket operation

Ad, Adjoint representation of G on g

ad, Adjoint representation of g onto itself
(adys = [o:<])

exp:g—G Exponential map

log: G — g Logarithm map (inverse of the exp in a
neighborhood of ¢)

d Trivialized tangent of a local

diffeormorphism between g and G

1) The (0) Connection on a Lie Group: On a Lie group,
left-invariant connections are those for which (L,),VxY =
V(r,).x(Lg)«Y, while right-invariant connections are, simi-
larly, those which commute with the push-forward of the right
translation. There is a one-to-one correspondence between left-
invariant (respectively, right-invariant) affine connections on &
and bilinear maps w : g X g — g [40, Theorem 8.1] given by

w(g,s) = (VX04Y<) (e),

for X,(g) := DL,(e)- ¢ (respectively, := DR (e) - p). The bi-
linear function w appearing in (6) is termed the left (respectively,
right) connection function for V. A connection is bi-invariant
if it is both right- and left-invariant. For bi-invariant connec-
tions, the right and left-connection functions coincide and sat-
isfy w(Ad,p, Adys) = Adyw(p, <), forallg € G and g, € g.
Given a Lie group of dimension 7, an invariant connection is
uniquely specified by the n® numbers that characterize the bi-
linear connection function.

Amongst all possible bi-invariant affine connections,
three are particularly useful: they are the (—), (+) and (0)
Cartan—Schouten connections. These connections were studied
and generalized to homogeneous spaces by Nomizu in [40,
Sec.XI] although in the context of Lie groups they were in-
troduced by E. Cartan and J. Schouten in [41] and further
developed by E. Cartan in [42]. For these connections, every
1-parameter subgroup 7y, (t) := cxp(te) is a geodesic, meaning
that its covariant derivative satisfies D;%,(¢t) = 0. The (—)
and (4) connections are flat (i.e., the curvature tensor of the
connection is identically zero), implying that the associated
parallel displacement is independent of the path, depending
only on its initial and final points.

In this paper, we only make use of the (0)-connection. Its con-
nection function and parallel displacement satisfy, respectively,

w(o,¢) = L [o,¢] = %adg@ (7)

2
1
2

0.5€g (6)

(O)Pfilgtovo = (.’I,Tl.l‘alVo + VO.’I,’O—l.”L’l) + o(ty — tp) (8)

where 9, ¢ € g,7v : R — G is a curve satisfying v(tg) = zp
and (1) = 1, and vo € T,,G. The parallel displacement
(0) P is path dependent as the (0)-connection is not flat. The ap-
proximate expression given by the first term in the right-hand
side of (8) is a handy and useful formula for computing co-
variant derivatives. Note that 21z, lvo = (’>Pl;1‘_t“ vp and
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Voxg w1 = (+)P§;1“t“ vo appearing in (8) are, respectively, the
(path independent) parallel displacements of the flat (—) and
(+) connections [40].

2) The Trivialized Tangent of a (Local) Diffeomorphism Be-
tween g and G: Let (G be a Lie group with Lie algebra g. Con-
sider a (local) diffeomorphism F' : g — G between a neigh-
borhood Ny of the origin of g and a neighborhood N, of the
identity of G. Given & € Ny C g the (right) trivialized tangent
of F' at £ is the linear map dF; : g — g defined by

dFen:= (DF(§) -n) F(&) ©9)

Similarly, given a local diffeomorphism H : G — g, the (right)
trivialized tangent of H at £ is the linear map dH; : g — ¢
defined by

dH¢n:=DH(g) - ng (10)

with ¢ = H (). More details on the trivialized tangent and
their use can be found in [17] and [43, sec. 4]. In this paper,
we make use of the trivialized tangents of the exponential and
logarithm maps, using F'(£) = exp(&) and H(g) = log(g).

B. The Lie Group Projection Operator Approach

A control vector field on a Lie group G is a (sufficiently
smooth) map f : G x R x R — TG, (g,u,t) — f(g,u,t),
such that 7 f (g, u,t) = g for each (g, u,t) € G x R™ x R. A
trajectory of the control system § = f(g, u,t) is a state-control
curve n(t) = (g(t),u(t)) € G x R™, ¢t € R, with g(¢) abso-
lutely continuous and «(¢) integrable, satisfying a.e. the differ-
ential equation

)

Similarly to what is done on a vector space, given a state-
control curve & = (a(t), u(t)) € GxR™,¢ € R, we can assign
a cost to it by defining a cost functional

he) = / T He)r) dr 4 m(me(ty)  (12)

0
where m1&(ty) = a(ty)and! : G x R xR — R and m :
G — R are given incremental and terminal cost functions. We
are interested in minimizing the functional A over the set of
trajectories of f starting from a given initial condition gy € G.

The projection operator approach on vector spaces [23], re-
viewed at the beginning of this section, is generalized to Lie
groups as follows.

Algorithm (Lie group Projection operator Newton method)

given initial trajectory &g € T

for; =0,1,2,...
redesign feedback K if desired/needed
3 — i Dh i) S
G=arg min D) &C

i £,

+ %[DQlNz(S,;) (&, 60 (search direction) (13)

v; = arg 111(%111] h(€ exp(7C))  (step size) (14)
Ye(o,
it1 = P& exp(viG) (update) (15)

end
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The algorithm is closely related to the one proposed for vector
spaces. In fact, when G = R", it is actually equivalent to it.
Note that the perturbation (;(t) = (z;(¢), v;(t)),t € R, isnow a
curve in g X R™ while the current iterate &;(¢) = (g:(¢), ui(?)),
t € R, is a trajectory in G x R™. Moreover, the operation
& + vi¢i, which does not make sense on a Lie group, is re-
placed with the operation &; exp(+;¢;), where the exponential
acts pointwise in time. Specifically, from now on, we adopt
the following convention. Given a curve in G x R™, £(¢) =
(a(t), p(t)),t > 0,and acurve in g x R™, {(t) = (B(¢), v(t)),
t > 0, we write exp({) and log(¢) for the pointwise opera-
tors defined by exp(¢)(#) = (exp(S(#)),»(t)) € G x R™ and
log(&)(t) = (log(w(?)), u(t)) € G x R™,t > 0. We also adopt
the notation £¢ to mean the curve in T(G x R™) defined as
E0CE) = (gD)=(0), u(), £ > 0.

In Sections III-VIII, we define the linearization of a control
system on a Lie group, the Lie group projection operator P
and detail the search direction subproblem (13). In particular, in
Section VI we show that the search direction subproblem (13)
is in fact a linear-quadratic problem on the Liec algebra of GG.

III. LINEARIZATION OF CONTROL SYSTEMS ON LIE GROUPS

Given a control vector field f on a Lie group, its left trivial-
ization isthe map A : G x R™ x R — g defined as A(g, u,?) :=
g f(g,u,t). The left trivialization A allows one to write (11)
equivalently as

3(t) = g(OAg(D), u(t), 1), (16)

As we show in the following, the use of an element on the Lie
algebra to uniquely represent a generic tangent vector on the Lie
group is key in developing the concept of linearization along a
trajectory of the control system. An equivalent theory can be
obtained using right translation, the choice between the two de-
pending on the specific application in mind.

1) Left-Trivialized Linearization Avound a Trajectory: Let
n(t) = (g(t),u(t)) € G x R™, t > 0, be a trajectory of the
control system (16), with ¢(0) = go.

Definition 3.1: The left trivialized linearization of (16) about
the state-input trajectory n(t), £ > 0, is the linear system

() = A(n(t). 1) 2(t) + B(n(#), 1) v(#)
with z(¢) € g and v(¥) € R™ and where

A(n,t) :==D1A(g,u,t) o DLy(e) — ady(gu),
B(n.t) :=DyA(g,u,1).

(17
(18)

In the remainder of this section, we detail the manner in which
(17) and (18) represent a linearization of (16). Given a bounded
curve v(t) € R™,t > 0,and ¢ € R “small,” consider the pertur-
bation of the input defined as u.(#) := u(t) 4+ ev(¢). Indicating
with g. the state trajectory associated with u., we have

ge(t) = ge(ﬁ))‘(gs(t): ’U’E(t)7 t)v 96(0) = go-

In the (possibly small) interval [0,7), the solution g. will re-
main in a neighborhood of the unperturbed trajectory g(t), ¢ >
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0, so that we can use the exponential coordinates to parameterize
neighboring trajectories of the nominal state trajectory g(#). To
this end, we define the lefi-trivialized perturbed trajectory z. (1),
t € [0,T:), such that g.(t) = g(t) cxp(z.(¢)),t € [0,T¢). The
trajectory z. satisfies the following differential equation.
Proposition 3.1: Let z.(t) = cxp(z.(t)),t € [0,T.). The
left trivialized perturbed trajectory z:(t),t € [0,T.), satisfies

z. = dlog, (Admf)\(gws,ug,t)—)\(g,u,t)), 2:(0) = 0.
(19)
Proof: Since g.(t) = g(t)x-() is a trajectory of (16) with
input signal (%), it satisfies

d
E [g(t)mf(t)] = g(t)ms (t)/\(g(t)xs (t)', Ug (t): t)' (20)
The left-hand side of (20) is equal to g(t)z.(t) + g(¢) -
D exp(z:(t)) - £-(t). Substituting this expression into (20) and

multiplying both sides by g(¢) ~1, we get

Dexp(ze)- 2. = (Ad%/\(g:r/e, 1L5,t) — )\(gm,t))atE 21

where for brevity we have dropped the explicit dependence on
time. Since the inverse map of D exp(-) at z is D log(exp(2))
and D log(exp(z1)) - (22exp(z1)) = dlog, #» for each z,
Z9 € g, the result follows. [ ]

Proposition 3.2: The left-trivialized perturbed trajec-
tory z.(t), £ > 0, can be expanded to first order as
z:(t) = ez(t) + Ra(e,t), with Ry of order higher than
one in ¢ and z(¥) satisfying

2(t) = A(n(t),1) z(t) + B(n(t),t) v(t), 2(0)=0 (22)
where A(n(t),1) and B(n(t),t) are given by (17) and (18), re-
spectively.

Proof: The result follows from standard perturbation
theory (see, e.g., [44, Ch. 8]) realizing that (19) defines a
differential equation in the form § = F(y,e,¢) with initial
condition y(0) = 0, where F'(-, -, -) is smooth with respect to «.
Denoting by yo(#), t > 0, the solution of (19) for ¢ = 0, from
perturbation theory we get y.(t) = yo(t) + ez(t) + Ra(e, 1),
where yo(t) is the solution of g = F(yqg, 0,t) with 4(0) = 0
and z(t) satisfies

Z2(t) =D1F(yo(£),0,t) - 2(t) + DaF(30(¢),0,t) - 1
z(0)y =0.

3

(23)

Equation (19) is in the form 7y =
M{(y) cy(y, ev(t), ) with M (y) = [dlog,] and

Flyet) =

Cn(y, v, t)
= Adexp y Ag(t) cxpy, u(t) + v, 1) — Ag(#), u(t), 1).

Note that M(0) = I and ¢,,(0,0,%) = 0,¢ > 0. Since y(0) = 0,
it follows that yo(t) = 0,¢ > 0. Equation (23) can be written as

z2=(D M(0)-2)c,(0,0,t)
+ M(0)(D1¢,(0,0,%) - 2 + D2c,(0,0,¢) - v},

2(0) =0. (24)
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Since ¢,,(0,0,t) = 0,¢ > 0, and M(0) = I, we only need to
compute the partial derivatives of ¢, (-, -, -) with respect to the

first two arguments around (0,0, ) to compute the right-hand
side of (24). Since (d/de)Ad = ad,, we obtain

exp(ey) | z=p

D¢, (0,0,t) -z =ad. A(g(t), u(t). 1)

+ D A(g(t), ul(t), t) - g(t)z,
D¢, (0,0,1) - v =Dy A(g(t), u(t), 1) - v.

The result follows noting that A(n,¢) = D1¢,(0,0,¢) and
B(n,t) = Dye,(0,0,t). Recall that ad,¢ = —adcp, for all ¢,
0Eg. n

IV. DIFFERENTIATION OF MAPS BETWEEN MANIFOLDS

In this section, we define the second covariant derivative of
a map between two manifolds that will play a key role in com-
puting the second order approximation of the projection oper-
ator P on Lie groups. This covariant derivative is required to
obtain a formula analogous to (5) in the context of Lie groups
providing, in particular, an understanding of the second deriva-
tive of a map between two manifolds, each endowed with an
affine connection. The symbol D is introduced to indicate this
particular notion of covariant differentiation.

A. The Second Covariant Derivative of a Map

Let M, and M5 be smooth manifolds endowed with affine
connections 'V and 2V, respectively, and let f : M; — M5 be
a smooth map. The second covariant derivative is a tool that ex-
tends the classical (Leibniz) product rule to the covariant deriva-
tive of the “product” D f(~y1(¢))-V1(¢), where V; is a vector field
along a curve vy in M.

Given & € M and the tangent vectors v and w € T, M, let
~v1 : I — M; be a smooth curve in M; such that v1(ty) = =
and 1 (o) = w. Let V1 be a smooth vector field along ~v; such
that V1 (ty) = v. If follows that V5 (¢) := D f(v(¢)) - Vi(t) €
Ty, (1)) M2 is a smooth vector field along the curve v»(t) :=
f(m(t)) in M.

Definition 4.1: The second covariant derivative of the map
f: My — M5 atx € M in the directions v, w € T, M; is the
bilinear map D2 f () : T, My x T,M; — Tp(,)M> defined by

D?f(x) - (v,w) = DVa(to) — D f(n(te)) - DiVi(te) (25)

where D, V7 and D, V> denote covariant differentiation with re-
spect to 'V and 2V, respectively.

Proposition 4.1: Denote by * P and 2 P the parallel displace-
ments associated with 'V and 2V, respectively. Then, equation
(25) is equivalent (for ¢ = #;) to

1
lim —
e—0 g

(PP DI+ o) P A
~Df(n®)-Vi(t)). 26)

Proof: The connection 2V allows us to compute the co-
variant derivative of the vector field V5 along 2 as

(D:V2)(t) = lim ! (QP;;”SVZ@ +¢e) — Vz(t)) @

e—0 &
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The right-hand side of (27) can be expanded into

ting = (2PLTED [ (t-4e)) Vilie) - DI (1) Vi(h)).

(28)
Adding and subtracting the term P '*D f(yi(t + ) -
'PLFe!V(t) inside the parenthesis of the previous expres-
sion, and noting that (in T'M>)

lin L2 PID (a4 ) - (Va4 6) - TPV D)
= Df(m(t)) - DVa(t)

the result follows. u

Remark 4.1: One can define higher order covariant deriva-
tives of a map (D*f, D*f, and so on) by requiring that Leib-
nitz’s rule holds. Moreover, the symbol D can be used, e.g., to
indicate the covariant derivative of a vector field Y in the direc-
tion X, i.e., DX - Y (whose standard notation is VxY') as well
as the covariant differentiation of the “product” D f - X, with
f+ M — N amap and X a vector field over M. Note that
covariant differentiation is defined in such a way that Liebnitz’s
rule holds, so that one obtains, e.g., the identity

DDf-X) Y =D?f-(X,Y)+Df (DX -Y),

where X and Y are vector fields over M and D?f is the second
covariant derivative of the map f. The vector field X and the
tangent map D f are, in fact, special cases of two-point tensor

0 0 -tensor field and a Lo -tensor

field, respectively [45]. Two-point tensor fields (sometimes
also called double tensor fields) and their covariant derivatives
are not commonly encountered in standard differential and
Riemannian geometry textbooks and, to our understanding, are
mostly encountered in the context of continuum mechanics,
quantum physics, and advanced differential geometry applica-
tions. They are the natural generalization of vector fields and
one forms over maps. From now on, the operator D will be
used to indicate covariant differentiation of a generic two-point
tensor field [45].

Remark 4.2: The key role played by covariant differentiation
in the context of this paper can be understood through a finite
dimensional analogy. Let A/ and IV be differentiable manifolds,
each endowed with an affine connection, and let » : R™ — M,
g: M — N,p: N — R” be three given differentiable func-
tions, with 7 and n € N arbitrary. The composition p o ¢ o 7 :
R™® — R™ is a differentiable function that can be expanded
about a given point. In the context of this work, p may be thought
of as the cost functional, ¢ as the projection operator, and r as
the pointwise exponential operator. Covariant differentiation al-
lows us to use Leibnitz’s rule to express the second-order term
using intrinsically defined derivatives of p, ¢, and . Indeed, one
obtains

fields, namely a

plg(r(z + 2))) = pla(r(z))) + Dp-Dq-Dr - 2
+ % (D2p~(Dq~Dr-z,Dq~Dr~z)
+Dyp D% (Dr-z,Dr-z)

+Dp-Dgq-D’r-(z,2)) +o(|2]*). (29)

z
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It is this abstract and high level splitting of the second-order
term into its “elementary” parts that allows us to analyze these
parts separately and obtain explicit and computable formulas for
use in the projection operator approach.

Due to limited space, we will not present explicit formulas
for the covariant derivative of a two-point tensor field. We refer
the reader to [45] and references therein for further reading.

In the next subsection, we provide some useful covariant
derivatives of maps and vector fields defined on Lie groups
that will be used in the derivation of the Lie group projection
operator approach. The subsection can be skipped on the first
reading of the paper.

B. The Covariant Derivative on Lie Groups: Differentiation
Rules for the (0) Connection

The second and higher order covariant derivatives of a map
between two Lie groups can be computed as soon as we specify
affine connections on domain and codomain. In this subsection,
we restrict our attention to second covariant derivatives with re-
spect to the (0)-connection because this connection is used for
computing the second-order approximation of the projection op-
erator in Section V-D. The Lie algebra g, being a vector space,
is endowed with the trivial affine connection (the parallel dis-
placement along any curve is the identity map). The following
results may be verified by straightforward computations.

Proposition 4.2: Let X(g) := ¢g&(g) and Y(g) = £(g)g be
vector fields on G, where g — £(g) is a differentiable g-valued
function. Then

DX (g) - gn =g(D&(g) - gn + % [, €(9)])
) (30)
DY (9) - ng = (D&(g) - ng + 5[£(9), )9

Proposition 4.3: Let G 3 g — &(g) € g be defined as
g *X(9) = DL,-1(g) - X(g), where X(g) is a vector field.
Then

_ 1, _
Dé(g) gn=g 1(ID’X(Q) ~gn) + 5197 X(g), -
Proposition 4.4: For each p, ¢ € g, we have

D? exp(0) - (0,¢) = 0, and D?log(e) - (p,¢) = 0.

Proposition 4.5: Lett — V(t) be a vector field along the
curve v C G, g € G aconstant, and W (t) := g V() a vector
field along the curve g+. Then,

DW(t) = g DV(1).

V. PROJECTION OPERATOR ON LIE GROUPS

In this section we define the projection operator for a dynam-
ical system evolving on a Lie group. The standard projection
operator for a nonlinear system evolving on a vector space, in-
troduced in [30], was reviewed in Section II-A.
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A. The Projection Operator

Let f : G x R™ x R — TG be a control vector field on
G'. A state-input trajectory (%) = (a(t), u(t)), ¢ > 0, is called
exponentially stabilizable if (and only if) there is a feedback
law u(t) = k(g(t), a(t), p(t), 1), with k(a(t), a(t), p(t),t) =
u(t) for all £ > 0, such that « is an exponentially stable (state)
trajectory of the closed-loop system

g(t) = f(f](t)v k(g(t)v O‘(t)'/ H(t)v t) ) t)

that is, there exist M < oo, A > 0, and § > 0 such that

(€2))

[Hog(g(t) "t )|l < M e log(g(to) " a(to))l

forallt > ¢y > 0 and all g(tp) in a neighborhood of a(#y) such
that || log(g(to) "'a(to))l| < 8.

In the following, we would also impose some smoothness
and boundedness conditions on & and restrict, without loss of
generality, our attention to a feedback of the form

u(t) = k(g(t), a(t), u(t), 1)

— ult) + K () log(g(t) (1)) (32)
since, as for any control system on R™, a trajectory & of a C'!
nonlinear system is exponentially stabilizable if and only if there
is a bounded gain matrix K that stabilizes the linearization of f
about £. Note that K(¢) is a linear map from g to R™. It will be
evident from Section VI that the linearization of the closed-loop
system (31) with feedback (32) around a state trajectory « is
given by the linear differential equation

2(t) = [A(E(#). 1) — B(E(). K (#)]2(¢)

with 4 and B defined by (17) and (18).

Definition 5.1 (Projection Operator P): Equation (31) with
the initial condition g(0) = go and feedback (32) defines a
causal operator, called the projection operator, which maps a
state-input curve £(¢) = («(t), pu(t)) € G x R™, ¢ > 0, into
the state-input trajectory n(#) = (g(¢), u(t)) € G x R™,t > 0,
that satisfies

(33)

g =9k (g,£(t),t) (34)
u(t) =up(g.£(¢), 1) (3%)
9(0) = go (36)
where
/\I((g7£7t) = )‘(gaulﬁ'(f]sgvt)at) (37)
uk (g.6,t) = p+ K(t)log(g 'a) (38)

and A : G x R™ x R — g denotes the left trivialization of the
control system ¢ = f(g, u,t). In short, we write 7 = P3¢ (§) or,
when go and K are clear from the context, simply 7 = P(£).
As in the vector space case, the projection operator satisfies the
projection property P(£) = P(P(&)) =: P*().
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B. The Local Projection Operator and its Properties

We are interested in studying the effect of a perturbation
of the curve £ in the direction (, that is, we study the map
P(Eexp(eC)), for ¢ € R “small.” We can parameterize
P(Eexp(e)) using the left-trivialized perturbed trajectory
Xe(1) € g x R™, ¢ > 0, defined by

P(Eexp(eC)) = P(E) exp(xe)-

Definition 5.2 (The Local Projection Operator N¢): The left-
trivialized local projection operator around the curve &, written
as x = Ng(C), is the operator that takes the curve ((t) =
(B(t),v(t)) € g x R™, ¢t > 0, to the left-trivialized trajectory

1) =

(39

x(t) = (y(t),w(t)) € g x R™, ¢ > 0, given by
x = log(P(€)*P(€ exp({))) =: Ne(). (40)
Proposition 5.1: Given curves & = (a, ) and np = (g, u)
with 7 = P(), the map (ye,w:) = x. = Ne(e() =

N¢(ef3, ev) can be computed explicitly by using

je =dlog,, [Adexpy. Ak (9expye, £ exp(eC), 1)

— Ak (9,€,1)] (41)
We (f) =UK (g CXP Ye, g CXp(£C)7 f) —Ux (g7 ga f) (42)
ye(o) =0 (43)

where Ad is the adjoint representation of the group G on its
Lie algebra and d log denotes the trivialized tangent of log as
defined in (10).

Proof: By definition, P(£ cxp(e()) = P(&) exp(Ng(eQ)).
Since

(P(&) exp(Ne(0))) (8) = (9(t) exp ye(t), u(t) + wo(t))

with ¢ > 0, is a trajectory of the closed-loop control system (34)
and (36), it satisfies

d

—(gexpy:)(t) = gexpy-Ax (gexpye, Eexp(e(), t)  (44)

dt
we(t) = ur(gexpye, §exp(e(),t) — ur(9.&,t)
(45)
9(0) exp(y=(0)) = go. (46)

It is now clear that (42) and (43) follow immediately from (45)
and (46). One can also conclude that (44) implies (41) by mim-
icking what was done in the proof of Proposition 3.1. [ |
Differentiating the local projection operator A, defined in
(40), in the direction (7 and evaluating it at { = 0, we obtain

DN;(0) - &1 = P(§) " DP(&) - £G
and, by differentiating it twice and evaluating itat { = 0

D2N(0) - (C1. G2)
= P(&) 1 (DP?(¢) - (£61:£¢2)

+DP(£) - £D? exp(0) - ((1,¢2))
+ D?log(e) - (DA (0) - &1, DAE(0) - C2).
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As mentioned in Section IV-B, using the (0) connection we have
D? exp(0)-(¢1,¢2) = 0 and D? log(e) - (¢1. ¢2) = 0. Therefore,
we obtain the following result.

Proposition 5.2: The first and second covariant derivatives
with respect to the (0) connection of the projection operator P
satisfy

DN:(0) - &1 = P(&)'DP(¢) - £G (47

and
DN (0) - (C1,G2) = P(€) 'DPP(E) - (£C1, £6a).

Note that we write D2 instead of D2 to highlight the fact
that \¢ is an operator between two vector spaces. The next two
subsections detail how (47) and (48) can be computed.

(48)

C. The First Derivative of the Projection Operator

The following proposition provides the explicit expressions
for computing the first derivative of the projection operator 7.
Its proof is based on perturbation theory and uses the same ar-
guments as in the proof of Proposition 3.2.

Proposition 5.3: The left-trivialized trajectory x. = Ng(e()
can be expanded to first order as x.(¢) = ey(¢) + Rz(e, 1) with
Ry of order higher than one in . The curve v(t) = (2(¢), v(t)),
t > 0, satisfies

v =DAN(0)- ¢ ="P(§) 'DP(&) - & (49)
and can be computed using

z2=A(n(t),t)z+ Bn(t),t)v (50)

v=v+ K(t)dlogyg-10)(Ady-1a8 - 2)  (51)

2(0) =0

where A(n(t). t) and B(7(t), t) are given by (17) and (18). Note
that, when £ = P(£), (51) is simply equal to v = v+ K (¢)(5 —
z).

D. The Second Covariant Derivative of the Projection
Operator

Recall the definition of the (left-trivialized) local projection
operator N given in (40). The proof of the following key result
is developed in Appendix A.

Theorem 5.4: Given a trajectory n = (g,u), 7 = P(n), the
second derivative of J\/’,, about zero in the directions ¢; and (2,
namely

(y,w) =D*N(y)(0) - (Br, 1), (B2, v2))
=D?N,(0) - (¢1,¢2) = P(n) 'D*P(n) - (061, 0¢a)
is given by
g =A(n,t)y + By, t)w
+ %(adleAt(n) “1pya + ad=, DAg(n) - )
+ DX () - (71, 772)
w=—KB)[y+ %([21,,62] + 22, 81])]

(52)
(53)
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withy(0) = 0,7; = (z1,v;) = DN(0)-¢;,¢ = 1,2, and where
At(n) := A(n,t) and A(#,t) and B(n. 1) are defined as in (17)
and (18), respectively.

Note that for brevity we have suppressed the argument ¢ in the
expressions (52) and (53). Equations (52) and (53) generalize
to Lie groups the second derivative of the projection operator
given in [30, subsec. 1.3]. Also, when n¢; € 7,7, thatis v, =

N, (0) - ¢ = G, i = {1, 2}, (53) reduces to w = —K (t)y.

VI. SEARCH DIRECTION SUBPROBLEM IN DETAIL

The search direction subproblem (13) requires the minimiza-
tion of the functional DA(€) - £¢ + (1/2)D?h(€) - (£C, £C) over
the Banach space 1;7 . Leveraging on the results obtained in
the previous sections, we detail how this functional can be con-
structed and minimized.

Proposition 6.1: Lete;, ¢ = 1,...,n + m, be a basis for
g x R™, so that each (z, v) € g x R can be uniquely written
as (z,v) = zle; + -+ + 2", + vle,i1 + -+ v €nqim.
Given the trajectory £(¢) = (g(t), u(t)) € G x R™,t € [0, 7],
of (11), the search direction step (13) is equivalent to solving
the optimal control problem

min

min [ e 2(5) 40 0(7)

M [ K

+ri2(ty (tr)" Pre(ty) (54)
subject to the dynamic constraint
2(t) = A(EQR), )z(t) + B(E(), t)u(t), 2(0) =0 (55)

with z(t) € g and v(¢t) € R™. In the above linear-quadratic
problem, A(&, ¢) and B(&, t) are given, respectively, by (17) and
(18), while a(t), b(¢), 71, and Py satisfy

{a(t), z) =D1l(g(t), u(t),t) - g(t)z (56)
(b(t),v) =Dal(g(t),u(t),t) - v (57)
(r1,2) =Dm(g(ts)) - glts)z (58)
(Pr2g,21) =D*m(g(ty)) - (g(ts)z1, g(tp)z2).  (59)

The matrix W (%), appearing in (54), is the symmetric (n+m) x
(n + m) matrix with elements
wij(t) = 1i; (§(8), £) + (p(1), Ai; (E(1))) (60)

where p(t) € g*, the adjoint state, satisfies (64) below, while
1;(€,t) € Rand A\;;(&) € g are

le(f,t) = Dzlt(g) . (geingej) (61)

Aij (€) :=D2A(€) - (Eei, Eey) (62)
+ %(adwl(ei)D/\t(g) -Ee;

+ ad g, (6, ) DA(E) - Eey) (63)
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where @y : g X R™ — g, w1(z,v) = z, A(€) 1= A(, ¢), and
1,(&) :=1(&, ). The adjoint state p(t) € g* satisfies

—i(t) = Aa(O)Tp(t) + alt) — K(6)7b(0),

with Au(t) = A(E(1),1) — B(EW), 1) K(2).

Proof: Using the projection operator P defined in
(34)—(38), the functional h over the space of curves in GG x R™
is constructed as

p(T)=r1 (64)

(65)

with A defined as in (12). To construct the projection oper-
ator-based optimization algorithm we need to find a quadratic
approximation of A around a given curve £. To this end, for a
given curve £(f) € G x R™, ¢ > 0 and perturbation ¢(t) €
g x R™,t > 0, we expand with respect to ¢ the expression

h(€expeC) =h (P(¢expel)). (66)

Note that the above expression, as a function of ¢ and for fixed
¢ and ¢, defines a real function on R. Using Leibnitz’s rule and
the identities D exp(0) - ¢ = ¢ and D? exp(0) = 0, one obtains

WP exp(ec))) = h(P(©) + = Dh(P(E)) - DP(E) - &€
+(3) @ (0P (DP(E) - £.DP() -0

+ DA(P()) - D*P(E) - (£¢, £0)] + o(e?) (67)

where the first covariant derivative of A is

D) € = / "Die(r), ) ErIC(r) dr
+Dm(m1&(ty)) - D (€(ty)) - E(t5)C(Er)  (68)

and D?h(€) - (61, £C2) equals

/0 f D1(E(T), 7) - (E(7)Ca(7), E(7)Ca(m)) dr
—l—[DQm(mff) . (D7T1(£f) “E5Ci(ty), Dy (&y) 'ffCZ(tf))
where §f 1= {(tr) and Dy (£(1)) - §(2)C(2) = () B(2).

The expressions for the first and second (covariant) deriva-
tives of the projection operator P, appearing in (67), have been
presented previously in Proposition 5.3 and Theorem 5.4.

Recalling (67), assuming £ € 7 and £ € T 7T, one gets

2h(€) - (£¢.€0) = D2h(€) - (€¢.£0)

+DhA(E)-D

PP(€) - (66,€0). (69)

The result follows by mimicking the proof of Proposition 3.2
in [23], replacing the expressions for the second derivative of
the projection on vector spaces with those given in (52) and (53)
and noting that DA(€) - £C = [7 a(r)T2(7) + b(7)Tv(7) d7 +
rLz(ty). |

The linear quadratic optimal control problem appearing in
Proposition 6.1 can be solved by standard techniques (see, e.g.,
[6]). The optimal control solution is given in form of a time-
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varying affine state feedback obtained by solving a linear and a
Riccati differential equation backward in time.

1) Indirect Methods and the Projection Operator Approach:
Let H (g,p,u.t) := I(g, u.t) + (p, Mg, u, )) be the left-triv-
ialized pre-Hamiltonian which is naturally associated to the op-
timal control problem of interest. Recall that the necessary con-
ditions for optimality of the (left-trivialized) Pontryagin Max-
imum Principle are

OH
“lo="2 (g.p.u"(q,p,F).t
9 9= (g.p,u™(g.p,1),1)

p = ad;—lgp

(70)

oH
7(DL9(6))*@ ({],[),U*([].[).t),t) (71)

w*(g,p,t) = arg muin H (g,p,u,t) (72)
with boundary conditions g(0) = go and p(T") = r1 (see, e.g.,
[14, Ch. 12, Cor. 1]). The following proposition shows in which
sense the projection operator-based Newton method is related
to indirect methods for solving optimal control problems, by
linking (64) with the adjoint equation (71).

Proposition 6.2: Equation (64) is a stabilized version of the
adjoint equation (71). The two equations coincides when £(¢) =
(g(t), u(t)) satisfies the first order optimality conditions.

Proof: In (71), (DLgy(e))* : T;G + g* is the dual
map of the linear operator DL,(¢) : g — T,G. Recalling
the definition of A(&(t),t) and a(¢), it is straightforward
to verify that (71) equals —p = AT(E(),t)p + alt).
Note that (64), instead, is equal to —p = AT(E(#),4)p +
a(t) — KT@)(b(t) + B(&(t),t)Tp). The necessary con-
dition (72) implies OH ~(g,p,u*(g,p).t)/6u = 0, ie.,
bT(t) + pT (#)B(&(t),t) = 0. Therefore, approaching a (local)
optimal solution, p(t) in (64) converges to the solution of (71),
since b7'(t) + pT (+)B(&(t),t) will converge to zero. Note the
stabilization (backward in time) of (64) due to the presence of
the feedback K. [ |

VII. WORKED EXAMPLE

This section presents numerical results obtained by using the
algorithm detailed in Section II-C to solve an optimal control
problem on SO(3). The problem considered is one of the
simplest examples of an optimal control problem for a system
evolving on a nonabelian Lie group and it is a generalization
of the classical linear quadratic regulator (LQR) problem on
vector spaces to the group of rotation matrices SO(3) [46].
Its relative simplicity allows us to give details for the linear
quadratic optimal control problem (54)—(55), providing explicit
formulas for the matrices 4, B, W, and P; and vectors a, b, and
r1. Furthermore, the computations indicate that the algorithm
provides, as known for the flat case, second-order convergence
to a (local SSC) minimum.

Let ||M||p denote the weighted Frobenius matrix norm de-
fined as /tr(MTPM), with M, P € R**3,and P = PT > 0,

Let (ga(t),uq(t)) € SO(3) x R*, ¢ € [0,7], be a desired
state-control curve (i.e., not necessarily a system trajectory). Let
Q, R, and P; € R**? be symmetric positive define matrices and
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go and g; two elements of SO(3). We define the hat operator

A : R® — R®*? as the Lie algebra isomorphism
‘ 2 0 —&3 X9
R33 |as | =2 — 4= | x3 0 —u1| €50(3).
T3 —&9 X1 0
(73)

The goal is to find a trajectory (g(¢),u(t)) € SO(3) x R3,
t € 0,7, satisfying the dynamic constraint
9(t) = g(t)a(t),

9(0) = go (74)

that minimizes

/0 ! (g, v, 7)dr +m(g{ty)) (75)

with (g, u,7) := (1/2) e =g, (7) gll3 +(1/2) llu—ua()[13,
and m(g) := (1/2)[le — g, J||2 being, respectively, the in-
cremental and terminal costs.

Since (74) is already in the left-trivialized form (16) with

Alg,u.t) = u, given a trajectory (1) = (g(t), u(t)), ¢ € [0,T],
its left-trivialized linearization is

A(E(), 1) =D A(g(t), u(t); 1) o DLy (e) — adaigr),ue).e)
= adyy = —alt) (76)
B(£(t),t) :==DaA(g(t). u(t), ) = (77)
The expression for the vectors a(t), b(t) and r; are
a(t)Tz =Dyl(g(t), u(t), ) - g(t)2
= — t2(Qgq (t)g(t)2 ) (78)
b(t)"0 = Dall(g(t), u(t), 1) -1
= (u(t) — ua(t)) Rv (79
T =Dymlg(T)) - g(T)3
= —tr(Prgs” g(T)2). (80)

The matrices W (t) and P; can be computed once the second
covariant derivative of the function
1 —1 2
Flg) = glle =91 gllp (81)
with g1 € SO(3) and P = PT > 0, is known. Note how
the function F'(g) appears in the expressions of the incremental
and terminal costs. The first and second covariant derivatives of
F(g) are given by

DF(g)- gz = — tr(Pg{ g2) (82)

= P21+ 42
D) (o 950) = — o (Paf g 22522 ) s3)

In principle, one could obtain the vector and matrix rep-
resentations of the above derivatives by using the identities
tr(2TA) = 27 (A - AT)V and tr(27 Ag) = yT ((6r AV — A)x,
valid for each 2, y € R3 and A € R3*? (the vee operator
vV is just the inverse of the hat operator " defined in (73)).
However, we found that simpler and more elegant expressions
for these derivatives can be obtained when parametrizing
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SO(3) by unit quaternions. Define the matrix P according to
the transformation

P=(ttP)] - P (84)

with inverse

_ 1
P=1tP <§) I-P (85)
and let ¢ € R* be one of the two unit quaternions corresponding
to the rotation matrix ¢, g in (81) above. Let ¢, € R and ¢, €
R? denote, respectively, the scalar and vector parts of the unit
quaternion ¢ = (gs;¢,), where ; denotes row concatenation.
Remarkably, the following identity holds
1 T pye

Flg) = 5 (240)" P(240). (86)

Note that the formula is, as it must be in order to be a func-

tion defined on SO(3), invariant under the antipodal symmetry
(¢s. ¢w) — (—qs, —q. ). From (86), one may then obtain

DF(g) - g2 =2q, P(gI + 4,)z (87)
D*F(g) - (921, 9%2) =23 (a1 + Gu)" P(q.T + Gv)
— (q¢ Pgu)I)z1. (88)

Due to limited space, we do not provide a proof of these
formulas. They can be easily checked numerically against the
equivalent expressions (82) and (83).

Equation (87) and (88) provide immediately the vector and
matrix representations that we need to compute the matrices
W(t),t € [0,T], and P;. Define @ = QT > 0 from Q ac-
cording to (84). Using (60), W (#) results in

(g7 + 6.)T Qg T + Go) — (af Qa)T = 5p(1)
+p(t) R

)T

(89)

where ¢ = (qs,¢>)7 is the unit quaternion representation of
ga(t)Tg().

Equation (89) has been obtained as follows. Recall the
definitions of I;; and A;; given in (61) and (63), respectively,
and let (1 4, Gox € R,k = 1,...,n 4+ m be the components
of (4 = (z1,v1), & = (22,v2) € g x R™ with respect
the basis ex, & = 1,...,n + m. The diagonal entries of
W (t) in (89) are derived from the matrix representation of
D2I(E(t),t) - (E(t)C1,E(1)C2) = iz (E(1),8)C14C2,; Which is
obtained, concerning the state part, from (88). The off diagonal
terms are obtained computing pj, (t)/\fj(f(t), t)¢1,:¢2,; which,
since D2A(€) = 0, is equal to <p(t)., 1/2 (adzlvg +ad,, 1)1)>.
Finally, P = (g5 + ¢u)" Py(gsl + dv) — (q; Prqo)1, with
(¢s. qv) the unit quaternion representation of g;l g(T).

In Fig. 2, we show the optimal solution obtained by applying
the proposed descent algorithm detailed in Section II-C to the
problem (74)—(75). To provide a visual representation, the op-
timal solution g(%), t € [0,20)] is represented in Fig. 3 using a
rectangular box. The width and height of the box (corresponding
to the ¥ and z body axes, respectively) are, respectively, two and
three times the depth (the = body axis). For each ¢, the box is
centered at the point (¢, 0,0) and thirty snapshots (three every
two seconds) are shown.
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Fig. 2. Optimal state-control trajectory. Parts (a) and (b) show the optimal
state and control trajectories versus time. The state is represented using unit
quaternions.

024681011416

Fig. 3. Graphical representation of the optimal state trajectory. The plot shows
the optimal attitude matrix () € SO(3),¢ € [0, 20], using a rectangular box
that is centered at (t, 0, 0) and rotated by g(t). Thirty snapshots are shown.

The following set of parameters was chosen. The initial con-
dition gg is the rotation matrix corresponding to the unit quater-
nion [0.7986, 0.2457, —0.2457, 0.4914]7. The final time is ¢ =
20 s. The desired trajectory £4(t) = (ga(t), ua(t)), ¢t € [0.%/],
appearing in the incremental cost (75), is the trivial trajectory
identically equal to (e,0) for each ¢ € [0,4;]. The weighting
matrix ) is equal to @ = (1/2tr Q)I — @, the inverse of the
transformation (84), with @ = diag(2,5,3). The weighting
matrix I? is equal to diag(1,6,3). The rotation matrix g; in
the terminal cost (75) corresponds to the unit quaternion gy =
[0.2673,0.5345, 0, 0.8018]7, while the weighting matrix Py is
obtained from Py = diag(20, 20, 20), in the same way () is ob-
tained from Q.

The initial trajectory £() = (g(t), u(t)), t € [0,%], is the
constant trajectory (go,0), ¢ € [0,%s]. At each iteration, the
projection operator feedback K (¢), £ € [0,#,], is designed by
solving a time-varying LQR problem (with diagonal weighting
matrices, both equal to the identity) about the current trajectory
iterate. The differential equations required at each iteration of
the algorithm are solved numerically using the ode45 solver in
Mathworks Matlab/Simulink, storing all the trajectories with a
sampling period of 0.005s. The absolute and relative tolerances
of the ODE solver are set to 10~ 1% and 10~ 7, respectively. The
termination condition is —DA(&;)- € ¢x < 1078, The algorithm
takes about 3 seconds to solve this problem on a laptop equipped
with a Intel Core 2 Duo CPU P8600 2.40 GHz. The algorithm
is coded as an m-file script which calls a series of S-functions
written in C for integrating the differential equations.

Fig. 4 shows that the algorithm takes only five iterations to
converge. In the first iteration, the backtracking line search re-
duced the step size to vo = 0.7% ~ 0.24 (using ¢ = 0.4 and
a = 0.7 in the notation of Algorithm 3.1 in [47]) as the local
quadratic model of the functional does not approximate the cost
functional very well over long steps on this curved manifold.
However, beginning with the second iteration, full Newton steps
are taken (4 = 1) and Fig. 4 provides an indication of quadratic
rate of convergence to the locally minimizing trajectory £*. In-

deed, since —~Dh(&x) - &G = D2h(&) - (€xCr, Exlr) is a
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logyg —DA(&k) - €

0 1 2 3 4 5
k (iteration number)

Fig. 4. Quadratic convergence rate. The plot shows log,, —DA(&) - £1.Cx as
a function of the number of iterations.

scaled Lo norm (squared) of (i, we see that the Newton “step”
( for this problem converges to zero in L» with a quadratic
rate. While this does not ensure that the error log(&, '¢*) con-
verges to zero in L., with quadratic rate, we know that if it does
then so must {, (in L. and hence in .5). An examination of
—Dh (&) - £ versus k may thus be used to rule out quadratic
convergence. In finite dimensions, the size of the Newton step
provides a direct indication of the size of the error [48] making
a plot such as that in Fig. 4 especially useful. The Banach space
projection operator is known to provide quadratic convergence
to local SSC minimizers [23, Sec. 5], providing further support
for such convergence in the Lie group case.

VIII. CONCLUSION

In this paper, we have extended the projection operator based
trajectory optimization approach to the class of nonlinear sys-
tems that evolve on Lie groups. This has required the introduc-
tion of a covariant derivative notion for the repeated differen-
tiation of a map between two Lie groups, endowed with affine
connections. With this tool, chain rule like formulas have been
used to develop the expressions for the basic objects needed for
trajectory optimization. The resulting algorithm requires one to
solve, at each iteration, a time-varying linear quadratic optimal
control problem associated with the current trajectory.

A numerical example on the Lie group SO(3) has been pre-
sented, highlighting implementation details. Computational re-
sults indicate a second-order convergence rate for this problem.
Second-order convergence to a local SSC minimizer is well
known for Newton’s method in finite dimensions and has also
been shown to hold for the Banach space projection operator
approach [23]—we believe that this result continues to hold
in the Lie groups setting although a formal proof has not yet
been worked out in detail. The numerical example presented
provides useful formulas that can also be used to solve trajec-
tory optimization problems for mechanical systems whose con-
figuration manifold is SE(3), e.g., for trajectory planning and
parameter identification of unmanned aerial vehicles or under-
water autonomous vehicles [49]. Preliminary tests have shown
that, with respect to the standard projection operator approach,
the Lie group version of the projection operator approach can
have computational advantages in solving the same optimiza-
tion problem (solved, with the standard approach, using a set of
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local coordinates). We suspect that this is related to the absence,
in the Lie group version of the algorithm, of the double differen-
tiation of the functions that describe the attitude matrix in terms
of a set of local parameters (e.g., Euler angles).

For Lie groups for which known closed formulas for the ex-
ponential and logarithm maps are not available or hard to com-
pute, we expect that the use of approximations (such as, e.g.,
the Cayley map on SO(n)) that agree with the first and second
covariant derivatives of those mappings at the origin of g and at
the identity of G, respectively, will be effective and will main-
tain the second order convergence rate of the algorithm.

The choice of the (0)-connection for defining the second
covariant derivative of a map between Lie groups has been
motivated by the observation that the obtained formulas are
somehow simpler than the ones resulting by choosing dif-
ferent connections, mainly because in this case D? c¢xp(0) and
D?log(e) are zero. In finite dimension optimization on Lie
groups, it has been shown [19] that a Newton like algorithm
defined using any of the Cartan—Schouten connections displays
the local quadratic convergence characteristic of Newton algo-
rithms. The rate of convergence is not affected by the choice of
the connection as the geometric Hessian at a critical point (for
a smooth function, the geometric Hessian is equivalent to the
second covariant derivative discussed in our work) is always
the same, independently of the choice of the connection. In
those algorithms, however, using a connection different than the
(0) connection does not correspond to minimizing a truncated
Taylor expansion of the original cost function.

Further investigations are required to clarify all these issues
and to fully explore the strengths and weaknesses of the pro-
posed Lie group method.

As afinal remark, we would like to emphasize that the tangent
bundle of a Lie group G is itself a Lie group. This means that
the method developed in this paper is directly applicable, e.g.,
to the optimal control of mechanical systems evolving on Lie
groups [10], either holonomic or nonholonomic.

APPENDIX A
PROOF OF THEOREM 5.4

Obtaining the expression for D?P(¢) - (£¢C1,EG) =
P(&) D2N(0) - (¢1,¢2) given in Theorem 5.4 is not trivial
and involves tedious computations. The proof of Theorem 5.4
is given in this appendix, while Appendix B contains most of
the technical details. The second derivative DZN;(0) - (¢1, ¢o)
can be computed by differentiating (o — DN¢((p) - ¢ around
(o = 0 in the direction (2. We begin this task by computing

DN (o) - G-
Proposition A.1: The first derivative of ¢ at { along (1

(y1,w1) = DN, 1y (Bo, o) - (B1, 1) = DN(Go) - G

can be computed as

i1 =D log(exp(z(1,0))) - (X(If,o)vD exp(Z(1,0)) - yl)
+ D log(exp(z(1,0))) - DTX(B{!O) (90)
wy =D UY o 1)
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where (2(170),’0(1,0)) = N{(CO) and X(Ic\r 0)( ) D X(I; 0)( )
and D-U[ (t) are defined as in (100), (102) and (103) in
Appendix B, respectively.

Proof: We compute DA¢(¢y) - ¢; taking the limit
limg .o 1/e [/\/'E(Co +e(1) — Ne (Cg)] . From Proposition 5.1, it
follows that (z(1 «), v(1.¢)) = Ne(Co 4 €¢1) can be computed as

Z1,e)= (Hogz(u)(Adexp z(l_g))\K(gesz(l,E), Eexp(Co+e().t)
- )\K(g,fvt))v
V(o) = Uk (gexp(za ), Eexp(Co + 1) t) — ux(g,&,t).

Defining @ (1 -)(t) = exp (2(1,¢)(t)), the previous two equa-
tions can be written as

Z(1,0)() =Dlog(z(1 (1)) - X(l e)( ) (92)
Ve (t) = U(1 o) 93)
with X% & K and U, (I y defined as in (98) and (99), respectively.

Forsmalle, (z(1 ¢),va1.0)) = (201,0): v(1.,0)) Fe(y1, w1) +o(e).
Thus,

Dlog(w(1,e)) - X{1oy = Dloglza ) - Xi oy (94
+e [[D2 log((1,0y) - (X(Iio) , :L‘/(l’(]))
+ D log(z (1, 0)) . DTX(I‘LO)}
+o()UL o = Ul o)+ DUl gy +0e)  (99)

where a(y oy(t) = 9/07 exp(z(1.1))(t)]r=0. The result fol-
lows. [ |

Remark A.1: Recall that DA(0) - {1 was computed in
Proposition 5.3. For the case (; = 0, one can show that (90)
and (91) simplify to

j1=D:Xq wi=DUfg, y(0)=0 (96)

which coincide with (50) and (51).
Proposition A.2 (Left-Trivialized Second Derivative of P):

The second derivative of NV at (; = 0 evaluated in the direc-
tions ¢; and (g,

(y,w) = DQA/(G,/L)(()) ((Brsv1), (B2, v2))

=D2N(0) - (C1,G2) = P(&) T'D*PE) - (€61, €¢a)

can be computed as

§=DsD: X[ 0y, w=DgDUfq),y(0)=0 (97

for D, D X5 ) and D, D~

&, U(Ig o) defined in (104) and (105).
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Proof: This is a straightforward application of the differ-
entiation rule for the covariant derivative to the result of Propo-
sition A.1. During the derivation the term D log shows up but,
since it is a linear operator and one of its argument is X (%,0) =0,
it does not appear in the final expression.

Finally, Theorem 5.4 can be proven using the results con-
tained in Proposition A.2 for the special case (g,u) = 1 =
& = P(€) = P(a, ). Again, the computations are straight-
forward but tedious. On the contrary, the resulting expressions
are elegant and closely related to the vector space ones. In par-
ticular, one finds that the first and second derivatives of u are
Diuglg,mt)-92 = —K(t)z, Daug (g9,m.t) n¢ = v+ K(t)5,
Diuk (g, 7:t) - (921, 972) = 0, Disuk(g,n.1) - (92,1¢) =
1/2K(t) [z, 5], Daquk(g.n,t) - (n€, 92) = 1/2K(t)[2, 0],
and D%“’K(g? n, t) : (nCla UCZ) =0.

APPENDIX B

K fie
TECHNICAL DETAILS: X AND U

This appendix contains a series of technical results which are
used for computing the second covariant derivative of the pro-
jection operator P. In the following, the Greek letters ¢ and T
are used to indicate “small” quantities, much as we have used
thus far.

Definition B.1: Let the curve v(, -y(t) € g Xx R™, ¢ > 0,
be defined as Y(o.r) = (2(0.7): Vo,r)) 1= Ne(0Co + 7¢1). and
(o) (1) 1= exp (20, (1)), £ > 0.

Definition B.2: Define X( o) ET,, .
the vector field along the curve x4, ;) such that

(t)G t € R,as

X(I;:,T) = (o Ak (9% (0.7), Eexp(0Co + 7(1), 1)

- )‘K(ga 63 t) T(o,7) (98)

and UE (1) € R™, ¢ € R, the curve

U(Ig,f) = ur (9% (0r) Eexp(aCo + 7C1), 1) — ux(g. & ).

(99)
Note that
X(I;O) = .7:((,70)/\;((.():1:(0’0), Eexp(cly),t)
= Ax(9:6:1) (o0 (100)
U(A;U) —ug (g T(a.0), € €xp(0Go)); t)
—ug(g,&.1). (101)

Lemma B.1: Let (y,,wy) := DN¢(0¢o) - (1. Then, the
following holds.

DT‘Y(I;;,U)
= T(s,0) (Dl/\K(q T(7,0); g GXI)(UCO), IL) ’ qD eXp(Z(U,O)) Yo
+ Do Ak (920,00, Eexp(0(o), t) - ED exp(Co0y) - C1)
1
= 3 ([P (g: & 1) doxps ) wo]

+ [Adm({,vo) AK (f]:l;(cr,O)v E GXp(O'C[]), t) ’ d expz(n7(]) yU] )"’J(U,O)
(102)
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D U(O'O)
= Dyuk (92(5,0), §exp(0(o), t) - gD exp(2(5.0)) * Yo

+ Daurc (9750, exp(ao), ) - D exp((o0)) - C1- (103)

Lemma B.2: Let now {5 = (3 and define (y,w) :=
D2N:(0) - (€1, €2), (21,v1) := DN(0) - (1, and (22,v2) =
DN (0) - (. We have

D, D X5 ) = (Didx (9,6, 1) 0 DLy(e) — ads iy )
+ DAk (g,¢.1) - (921, g22)
+ Di12Ax(9,&,1) - (921,8C)
+ Do 1Ak (9,&,t) - (£C1, 922)
+ D32k (9,6, 1) - (661, 6C2)

1
+ §adz~7 (Dl)‘K(gﬂ g? f) at
+ Dok (g,6,1) - £G1)
1
+ gad., (Didx(g,&1) -2
(

+ Dok (g,6,1) - €C2)

Dy D L(IS 0) =Diuk(g.&t) - gy
+ D%ug(g.€,t) - (921, 972)
+ D1 puic(g.€,1) - (921, 8C2)
+ Do ur(g,§:t) - (£C15 922)
+ D3uk(g,€:t) - (661, £C2)-

Remark B.1: Theproofsofthe two previous lemmas are ob-
tained applying the classical differentiation rules of the covariant
derivative and the specific differentiation rules described in
Section IV-B for the (0) connection. Note that 8 /97 25 | =0 =
D exp(z(s,0)) - Yo Also, one uses that fact that for g, ¢ € g,
we have d/ds (D exp(es) - o) exp(es) Hemo = 1/2][s, 9],
d/dz exp(ec) " *(Dexp(es) - 0)le=0 = 1/2][0,5]. Given
the curves g(e) € Gand&(¢) € g,¢ € R, one also has
dfde Adyy&(e) = Ady(€(e) + [g(e) * /(5),5(5)]) with
&(e) :=d/de&(e) and ¢'(g) := d/de g(e).

First and second derivatives of uz (g, £, 1).

Proposition B.3: The first and second covariant derivatives
relative to the (0) Cartan—Schouten and Euclidean connections
of the closed loop feedback v g , defined by (38), with respect to
the first and second arguments ¢ and £ are

(104)

(105)

Dyug(g,é,t) -9z = — K(t)Dlog(g ') - (¢ ")

(106)
D2“K(gv ga t) : ‘fC =v+ K(t) D log(gila) : (gilaﬁ)
(107)
and
[D%U‘K(gvg7t) (J'Zl JZZ) =
— K(#)D*log(g ') - (z19 ‘a,z09 'a) (108)
Dl.QUK(gsgvt) (JZ EC) =
- K(t) (DQ log(g~ ') (zg ', g afd)
+ %Dlog(giloz) . [Z,Adg—la,@]gil(1> (109)
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D271UK(9, 5*) ’ (SCﬂgz) =
~ K (1) (D?log(g ") - (97" 2 97" a)
+ %Dlog(gfla) . [z,Adg_m,@]g*la) (110)
Dgu[((gvat) ’ (€C1£C2)
= K(t)D?log(y~ ') - (g7 P, g aBa).  (111)

Proof: This is a straightforward application of
the differentiation rules. Note, in particular, that for
file) = zg~la and fo(g) := g 'aB we have Dfi(a) -
af = 1/2[z Ad,-1,.8]9 e, and Dfa(g) - gz =
1/2 [Ady-1,8,2]g ‘. The functions f; and fo» derive
from the differentiation of g — ¢ '« and & — g '« in the
directions gz and 3. [ |

First and Second Derivatives of Ak (g, £, t): The proof of
the following proposition follows from differentiation rules.

Proposition B.4: The first derivative of the Ax (g,&,t) =

)‘(g UK (97 Ea f) f) lS

DIAK(gy 67 t)qz: Dl/\(Qa ql'K(ga 57 t)ﬂ t) cgz
+D2)‘(g7 UJK(Q, g t)v t)'DluK(ga E t)gZ
D2)‘K(ga Ea t) gC: DZ/\(Q* ql'K(ga 57 t)a t)'DQU'K(gv 57 t) ‘fC

Proposition B.5: The second covariant derivative of the
(left trivialized) projection operator vector field Ag (g, &, t) =

A(g, fU’K'(g7 57 t), t) is

DIAk(g,€.1) - (921, 922) = DIN(g, ux, t) - (921, 922)
+ Di12A(g,uk. 1) - (921, D1ux (g, &, t) - gza)
+ D21 Mg, uk, t) - (D1ux(g.€,t) - gz1, g22)
+DIN(g, ug,t) - (Diug (g, &,1) - 921, Diug (g, €. 4) - gza)
+DoA(g,uk,t) - Diug(g.£,t) - (921, g22)

D122k (g,&:t) - (921,6C2)
=Di2A(g,ur,t) (921, Daur(g.£.t) - £C2)
+D3A(g, uk 1) - (Dyug(g,€,1) - 921, Daug (g, €, 1) - £¢2)
+ DoA(g, uk,t) - Diuk(g.&t) - (921, ()

Dy 1Ak (9,€,1) - (§C1, 922)
=Dy Mg,ux) - (Dauk(g,£.1) - £C1, g22)
+D3A(g, uk,t) - (Daug(g.&,t) - £, Diuc(g. €, 1) - g22)
+ DoA(g, uk,t) Dy 1ug(g.&,t) - (£C1, g22).

DAk (g, €. 1) - (£¢1,€¢2)
=D3N(g,ux t) - (Daug (g, & 1) - €1, Daug (g, €, 1) - £C2)
+DoA(g, uk, t) - Diug (g, €,1) - (€¢1,C2)

where it is understood that v g in the above expressions is eval-
vated at (g, &,1).

=L -~ =
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