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Abstract: This paper addresses the problem of driving a surface vessel along
a desired spatial path. A nonlinear adaptive controller is designed that yields
convergence of the trajectories of the closed loop system to the path in the presence
of constant unknown ocean currents and parametric model uncertainty. Controller
design builds on Lyapunov based techniques and backstepping. The controller
derived implicitly compensates for the effect of the ocean current without the
need for direct measurements of its velocity. An illustrative simulation example is
presented and discussed. Copyright © 2007 IFAC
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1. INTRODUCTION

Motion control is the key building block in the
development of any control architecture for au-
tonomous vehicles involved in the execution of
realistic mission scenarios. Motion control systems
must yield good performance in the presence of
external disturbances and plant uncertainty. This
is specially relevant in the case of marine vehicles
operating in harsh environments, under the influ-
ence of wind, waves, and currents.

This paper addresses a specific problem of motion
control that is commonly referred to as path
following. Its main contribution is the derivation
of a nonlinear, adaptive controller for a fully-
actuated marine vessel to steer it along a desired
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spatial path in the presence of unknown, constant
ocean currents and parametric model uncertainty.

In what follows we consider a general class of
vessels that can be modelled by equations of the
form (see Section 2)

&1 = f1(x1) + Gi(x1)x2 + ¢ (1)1, (la)
Lo = fo(x1,2) + Ga(1, T2)U + Po(x1, T2)b2,
(1b)

y =h(z1,22), (1c)

where 1, xs are components of the state, u is
the control input, the functions f,, f,, and the
maps G'1, G5 are smooth, and by, by are unknown
constant biases or disturbances. It is assumed that
G1(x1) and Ga(x1, x2) are nonsingular for all a1,
a2, and that all variables are of the same dimen-
sion, that is, @1, ®2, u, by, bo € R". The plant
is in strict feedback form (Krstié et al. 1995) and
represents a class of fully-actuated n-degrees-of-
freedom (n-DOF') mechanical systems. The biases
b, and by are unknown in the sense that their
time evolution is neither known in advance, nor



can it be measured by sensors mounted on the
vessel. Equations (1a) and (1b) can be regarded
as the kinematics and dynamics of the vessel,
respectively, and (1c) represents the output of the
system. Since u has dimension equal to the degrees
of freedom of the vessel, the vehicle is said to be
fully-actuated.

One particular type of adaptive control problem
for model (1) consists in computing a state feed-
back controller of the form

u = u(z,b), (control law) (2)

ES ~

b = function of (x,b), (adaptation law) (3)

(where & = (x1,22), b = (b1, by), and b(t) €
R?" denotes the estimate of b) whose goal is to
drive y(t) to zero or a small neighbourhood of
the origin, while keeping all closed-loop signals
bounded. For the case of surface vessels, the term
b, captures the influence of the ocean current at
a kinematic level, while by represents unknown
disturbances.

To compensate for the effect of constant un-
known biases, it is common practice in linear time-
invariant control systems design to include an
extra integrator state for each unknown bias since
this will guarantee zero steady-state error (under
the assumption that the closed-loop system is
stable). However, for general nonlinear systems
a straightforward extension of this technique is
not available, and the adhoc inclusion of inte-
gral action in a feedback controller may lead to
unwanted oscillations in the closed-loop system
response (Skjetne and Fossen 2004).

In (Skjetne et al. 2005), the effect of ocean cur-
rents is modelled as a disturbance at the dynamic
level (b is considered zero). In this set-up, even
a constant current will show up as a time-varying
disturbance in the body-axis dynamic equations
of motion. For this reason, in this paper an ocean
current is modelled as a constant unknown bias in
the kinematic equations of motion of the vessel.

The above approach to current modeling is pur-
sued in (Aguiar and Pascoal 2002), where a non-
linear adaptive controller is presented for the
problem of dynamic positioning and way-point
tracking of an underactuated AUV (in the hor-
izontal plane) in the presence of a constant un-
known ocean current disturbance and paramet-
ric model uncertainty. An exponential kinematic
observer is designed for the current velocity and
convergence of the resulting closed-loop system
trajectories is proved. The present work departs
from that of (Aguiar and Pascoal 2002) in that
an adaptive backstepping strategy is used, rather
than an observer-based approach.

Other related work can be found in (Refsnes et
al. 2005), where a strategy for tracking control and
station keeping of a 6-DOF fully-actuated vehicle

is proposed. A more general type of dynamic
disturbance is considered, to take into account
slowly varying current forces and moments, and
unmodelled dynamics. The bias is modelled as
a random process driven by zero-mean Gaussian
white noise. The compensation of the bias involves
the use of an observer and ensures exponential
stability for the closed-loop system.

One particular type of motion control involves
steering vehicles to and along desired paths with-
out specifying a temporal law. This is known
as the path-following control problem. As shown
in (Encarnacdo and Pascoal 2001, Skjetne et al.
2005), the solution to this problem is commonly
divided into two tasks: a geometric task, where
the vehicle is required to converge and remain on
the desired path; a dynamic task, that specifies a
time, speed, or acceleration assignment along the
path. In this paper, the path-following problem
is solved for a class of fully-actuated vessels with
3-DOF, subjected to an unknown ocean current
(considered at a kinematic level) and paramet-
ric model uncertainty, using adaptive nonlinear
control based on Lyapunov techniques and back-
stepping. The same methodology can be employed
for the case of 6-DOF autonomous underwater
vehicles, as long as the fully-actuated condition
is verified.

The paper is organised as follows. Section 2 de-
scribes the dynamic model of the autonomous ve-
hicles considered. The problem of path-following
is formally stated in Section 3. In Section 4, a
strategy for path-following is developed. Section 5
gives an illustrative example where simulation re-
sults are presented. Finally, in Section 6 conclu-
sions and directions for future work are presented.

2. VEHICLE MODELING

A surface vessel is modelled as a rigid body
subject to external forces and torques. Let {Z}
be an inertial coordinate frame and {B} a body-
fixed coordinate frame with its origin at the centre
of mass of the vehicle, as represented in Fig. 1.
The generalized position of the vehicle is n =
(z,y,v), where (x,y) are the coordinates of the
origin of {B} in {Z} and ¢ is the orientation of
vehicle (yaw angle) that parameterizes the matrix
J (), transforming body coordinates into inertial
coordinates, given by

cos(yp) —sin(¢)
J:=J(4) = |sin(y
0 0

Denote by v := (u,v,r) the generalized velocity
of the vehicle relative to {Z}, expressed in {B}.
In general, the fluid is in motion. To take into
account this motion, let vy = (us,vs,7s) be the
generalized velocity of the fluid relative to {Z}



xrz

{7}

Oz

Fig. 1. Inertial and body-fixed coordinate frames.

expressed in {B}. Because the fluid is assumed
to be irrotational, r; = 0. Let v, = (uc¢, v, 0)
be the velocity of the ocean current, expressed
in {Z}. The velocities vy and v. are related
by vy = J' v, Assuming the ocean current is
constant, . = 0. Let v, := v — vy denote the
relative velocity between the vessel and the fluid.
The following kinematic relations apply:

n=Jv,+v., (4a)
J=rJS, (4b)

where S is the skew-symmetric matrix

0-10
S=1100
000

In what follows, we consider a fully-actuated
vehicle with equations of motion of the form
(Fossen 1994),

Mv, =1 —-C(v, v, + f(v,) (5)

where M € R3**3 M > 0 denotes a constant
symmetric positive definite mass matrix, C (v, )v,
captures Coriolis and centripetal effects, T :=
(Tu, Tv, Tr) is the generalized control input con-
sisting of forces 7,7, and torque 7., and f(v,)
represents the hidrodynamic damping forces and
torques acting on the body. For the special case
of surface vessels, M includes also the so-called
hydrodynamic added-mass My, i.e., M = Mgrp +
M 4, where Mgp is the rigid-body mass matrix.
Equation (5) depends on a set of physical param-
eters, some of which are often only known with
great uncertainty. In fact, while the coefficients
of M and C(v,) can be determined with reason-
able accuracy, some of the coefficients related to
the hydrodynamic damping f(v,) are difficult to
measure, so they should be considered unknown
or uncertain and estimated by the adaptive con-
troller to be designed. Let n, be the total number
of hydrodynamic coefficients or parameters, and
let ¢ € R™ be the vector that represents them.
It is assumed that these parameters are constant
(¢ = 0) and that f(v,) depends linearly on
. This implies that f(v,) can be expressed as

(ST =-9).

O (v, )p with ®(v,.) € R3*™. Therefore, (5) can
be rewritten as

My, =17 —-Cv, v, +P(v,)p. (6)

Define ¢, € R™ as the vector of known param-
eters and ¢, € R" as the vector of uncertain or
unknown parameters, such that n, = ny+mn,, and

Qv )p = Cr(Vr)py + Pu(vr)p, (7)
where ®(v,) € R¥>*™ and ®,(v,) € R3*"u,
Replacing (7) in (6) yields

Mv, =7 —-Cw,)v, + Or(v,)p, + @u(vr)e, -

To summarise, the equations of motion of a vessel
with parametric model uncertainty, subject to an
ocean current, are

n=Jv,+v., (8a)
Mﬂr =T —= O(VT)VT + (I)k(VT)QOk; =+ (I)u(VT)Qou .
(8b)

System (8) belongs to the class of systems that
can be written as in (1) by making &; = n and
T2 = v,. In this case, one has ¢,(x1) = Is,
b1 = v, ¢y, 2) = Py (vy), and by = ¢,,.

3. PROBLEM STATEMENT

Before stating the path-following problem, define
the estimate of the ocean current, expressed in
{Z}, as D, = (4,0, 0), where only the first
two components need to be estimated since the
fluid is assumed irrotacional. The estimates of the
uncertain parameters are represented by ¢ € R™«.
The adaptation laws for &, and ¢ are chosen as
functions of state variables, in order to guarantee
that the vehicle follows the desired path. It is not
required that the estimates converge to the actual
values of the associated variables. The problem of
path-following is stated formally as follows:

Path-following problem: Let n,4(7) € R? be a de-
sired path parameterized by a continuous variable
v € R and v4(7y) € R a desired speed assignment.
Suppose also that 1,4(7y) is sufficiently smooth and
its derivatives (with respect to v) are bounded.
Design a control law for 7 and adaptation laws
for o, and ¢, such that: all closed-loop signals
are bounded; the position of the vehicle converges
to the desired path, i.e, ||n(t) — ny(y(t))]| — 0 as
t — +oo (geometric task); and the vehicle satisfies
the desired speed assignment along the path, i.e,
[9(t) — va(y(t))| — 0 as t — +oo (dynamic task).

4. PATH-FOLLOWING

The path-following controller developed here is
inspired by the work in (Encarnacgao and Pascoal
2001) and (Skjetne et al. 2005). However, it goes



one step further in that it allows for the con-
sideration of unknown ocean currents together
with parametric model uncertainty. Backstepping
techniques are used to derive the controller, by it-
eratively introducing control-Lyapunov functions
(Krstic¢ et al. 1995).

Step 1. Coordinate transformation: Define the
position error in the body-fixed frame as z; =
JT(n n,) and the current estimation error as
U, := v, — V.. The dynamic equation of z; is

21=J"(m=my)+J" (0 —n}y)
=—rSJ (n—my)+J (Jv, +v.
=—rSz; +v, + JT(IDc —

—n57)
myy) +J " De, (9)
where n)) = 9n,/07. Let ¢ := 4 — vq(7) represent
the “along-path” speed tracking error and rewrite
(9) as
2 = —rSzi4ve+J (De—njva)+J " (Te—n)C).

(10)
Step 2. Convergence of z1: Define a first control-
Lyapunov function as

1

. T
Vi = §z1 2z,

whose time derivative is
Vl:le(Vr‘FJT(’;c_ngUd))‘le I (D, —n,0);
(11)
where the fact that leSzl = 0 for all z; is used.
Define the velocity error zs = v, — «, where

o= —J" (0. —n)va) — K121 and rewrite (11) as
V= —leKlzl + zIzz + leJT(DC —nJ¢).
Step 8. Backstepping for zo: First, the time
derivative of o is decomposed in three terms
Gd=c+a'y—KJ b,
where the functions o and o are defined as
o:=—K(v, —rSz1 +J D)
+ rSJT(ﬁC —njvg) — J D,
o =Ky J T+ 07 (0] va+ m)),

(12)
(13)
with 77}2 = 0%n,/0~* and v] = Ovg/dv. Notice

that o depends on D, that is still undefined. The
dynamic equation of z5 is then

Mzy=1—Cv, + Orp, + Puip,
+MK,J ..

—M(oc+ay)

The uncertain parameters estimation error is de-
fined as ¢ = ¢, — @. Define a second control-
Lyapunov function as

1
Vo=Vi+ z2Mzz 2z1Tz1+§z2TMzQ,
whose time derlvatlve is
Vo=—z{Kiz1+ 2] JT (Dc —m)() + ¢ @) 2

+ 29 (2147 = Cvp + Prpy, + 0@ (14)
— M(o + avq)) — 23 Ma"¢ + 2y MK, J ' ..

Using the feedback law

T=—21—-K3z2+Cv,—Prp,— P, @+ Mo+ vy)
(15)
with K5 > 0, and substituting in (14), yields

Vg = —leKlzl — ZQTKQZQ + pTﬁC + 71'Tc,5 + ud,

(16)
where the following auxiliary functions are used:
w= *(le)Tt]Zl - (Oﬂ)TMZQ, ™ = @Zzg and

P = J(Zl +K1MZ2).

Step 4. Feedback law for 4: Define a third control-
Lyapunov function

1 1 1
B} z z1 45 Z2TM22+2/\6<2
(17)

R
Vs : V2+2)\ﬁC

where X\, 3 > 0. Its time derivative is

Vg, = —leKlzl — ZQTKQZQ + pTﬁC + 71'Tc,5
18
# (53¢ n)e (18)
Making
{ = —2C — ABu (19)
and replacing in (18), yields

. - _ 1

Vi3 = —leKlzl — z;Kgn + pTVc + TI'TQO — BCQ.
(20)

Taking into account that = 5—v]¥, the feedback

control law for 4 becomes

==X — A3+ uv)A. (21)
Step 5. Adaptation laws for D. and @: Define a
fourth control-Lyapunov function as

1
Vi=Vi+ -0/ S0 + 2¢TF*1¢

1 1
=_zlz + 522 g Mzy + —CQ

~T +5
2 270 e

1oty
+52 T8, (22)

where I = 0 and ¥7 is the pseudoinverse of

[0
== (%)

with ¥; € R2%2 and ¥; > 0. The last row
and column of ¥ are both zero because the last
component of Ve is alwayb 7ero (irrotacional fluid).
From v, = -0, and ¢ = fcp, the time derivative
of (22) becomes

Z;— Kozy — lC 2

V4:—ZIK1Z1 — ﬂ

+0l (p—XTD) + @ (m—T7'$).(23)
Using the laws
p=Yp, (24a)
p=Ir, (24b)
in (23) yields
Vy= —zIKlzl — Z;—KQZQ — %C2. (25)



As noted before, the function o depends on De.
Replacing (24a) in (12) gives

o=—-Ki(v,—rSzi+J 0.)+rSJT (D, — 1,0d)
—J'sp.

Using (22) as candidate Lyapunov function, which
has a negative semidefinite time derivative (25),
and resorting to LaSalle’s invariance principle
(see, e.g., (Khalil 2002)), it is possible to prove
global asymptotic stability of the closed-loop sys-
tem. This is formally stated next.

Theorem 1. The controller formed by the control
law (15) and the adaptation laws (24), solves the
path-following problem. Moreover, ©.(t) tends to
v, asymptotically.

PROOF. Let q = (z1,29,0.,() and z :=
(g, ). Showing that g tends asymptotically to
zero and that ¢ is bounded (in fact it tends to a
constant value) for the closed-loop system, proves
the theorem. The closed-loop system dynamics of
z1 and zq are

2..'1 = 77"821 + z9 — K121 — JTT]z

+J D, (26a)
Mzy=—2z1 — Kozo — Ma "¢+ MK J .
+®up. (26b)

Let V(z) = Vi(z1,22,0.,4,(), where Vy(-) is
defined in (22), be a candidate Lyapunov function.
The function V : RP — R, where p = 9 + n,, (¥,
has dimension two), is a differentiable, radially
unbounded and positive definite function. The
time derivative of V(z) is given by (25) which
is a negative semidefinite function. Therefore, it
can be concluded that the closed-loop system
is stable, that is, all variables are bounded. To
guarantee convergence of g to zero, it is necessary
to analyse the set of points where V(z) is zero.
Let Q. = {z € R : V(2) < ¢} be a sublevel set
of V(z). Because V(z) < 0 and V(z) is radially
unbounded, the set 2. is compact and positively
invariant, i.e., a solution that starts in ). stays
in Q forallt >0. Let £ = {z € Q. : V(z) =
0} ={z € Q.: 21 =29 =0AC( = 0} be
the set of points where V(z) is zero, and let z(t)
be a solution that belongs to £. By definition,
z2(t) = 0 implies v, = a. Also, z1(t) = 0 implies
21(t) = 0. Replacing in (26a), yields J & () =
0 = D.(t) = 0 because rank J = 3. On the other
hand, z2(t) = 0 implies 25(¢t) = 0. Replacing
in (26b), gives ®,(a(t))@(t) = 0. Using (24b),
yields @¢(t) = 0 which implies @() = constant.
Therefore, @(t) = constant. Hence, only solutions
that belong to the set M = {z € Q. : g =0 A
@ = a}, where @ € R™ is a constant vector that
verifies ®,(a(t))a = 0, can remain identically
in £. Notice that a is not necessarily the zero
vector because ®,(a(t)) may not be full rank.

Table 1. Physical parameters.

Type of parameter Symbol Value Units
Mass My, 421.8 Kg
Moy 1008.1 Kg
Moment of Inertia”* I 690.5 Kgm?
Hydrodynamic Xu -0.5 Kgm/s
Damping Xjulu —0.5 Kg/m
Yir|v —339.0 Kg
Yoo —121.2 Kg/m
N, —0.26 Kgm? /s
Nipjr —1764.2  Kgm?

“added mass terms included.

Using (Khalil 2002, Theorem 4.4), we conclude
that any solution starting in 2. approximates M
when t — oo, hence ||g(t)|| — 0 when ¢ — oc.
Because V(z) is radially unbounded, the result
is global, since given an initial state z(ty), the
constant ¢ can be chosen arbitrarily large so that
z(to) € Q. Since [[n(t) —n4(v(1))[| = |21 (t)[] — 0
and |9(t) — va(y(t))| = [¢(¢)] — 0, the path-
following problem is solved. Moreover, because
U.(t) tends to zero asymptotically, the estimate
D.(t) tends asymptotically to v.. O

5. AN ILLUSTRATIVE EXAMPLE

Consider a vehicle whose equations of motion can
be written as in (8), with

m, 0 0 0 —mur 0
M=]0 m, 0|,C,)=|m,r 0 0],
0 0 I, 0 0 O
p = (XuaX\u|uaY]r|v7va7NraN|r|r) ,T
up |ur|uy, 0 0 0 O

S )=|(0 0 |r|lv, vyu. 0 O
0 0 0 0 rlrlr

Matrices ¢, and &, are partitions of & com-
patible with the choice of uncertain parameters
@ = (Xjuju> Yjrjv, Yoo, Njpjr). The physical pa-
rameters of the vessel are given in Table 1. In
the simulation presented, the desired path is a
lemniscate centered at the origin and has “width”
a = 40m. The path-following controller gains
are K1 = 0.04I3, Ko = 20013, A = 0.05 and
[ = 0.01. The initial conditions of the vehicle are
(z,y,%) = (30m,0,7/2rad) and u =v =7 =0
(vehicle at rest). The desired speed assignment is
given by vg(y) = 0.5 — 0.2sin(2v/a)[m/s]. The
ocean current is set to v. = (1,—1,0)[m/s]. The
adaptation gains are 3 = diag(1072,1073,0) and
I' = diag(10,10%,2x10%,107). The estimates of
both the current and the parameters are initialised
with a 30% error around their true values. Fig. 2
illustrates the trajectory of each vehicle. As can
be seen, the vehicle converges to the desired path,
thus compensating the effect of the ocean current.
This is corroborated in Fig. 3 where the position
and orientation errors given by ||p(t) — pa(y(2))||
and ¥ (t) —q(v(t)), respectively, converge asymp-
totically to zero. As mentioned before, the esti-
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Fig. 2. Desired and actual vehicle trajectory.
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Fig. 3. Temporal evolution of the position and
orientation errors.
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Fig. 4. Temporal evolution of the ocean current’s
estimation error and estimate.

mate of the ocean current converges asymptoti-
cally to its actual value as shown in Fig. 4. Fig. 5
shows the temporal evolution of the (signed) rela-
tive parameter estimation error ¢*' = [@*],, .1,
where each component is defined as

greli= 2L 100[%] for i =1,2,..., 1.

u

As noted earlier, the estimation errors of some
uncertain parameters do not tend to zero.

6. CONCLUSIONS AND FUTURE WORK

A nonlinear adaptive control law was derived for
a class of fully-actuated vehicles in the presence of
constant unknown ocean currents and parametric
model uncertainty. Controller design was rooted

-60
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Fig. 5. Temporal evolution of the relative param-
eter estimation error.

in Lyapunov based techniques and backstepping.
Convergence of the closed-loop system was for-
mally proved and an illustrative example with
simulation results was presented and discussed.
Further work is required to extend the results to
the case of time-varying ocean currents and to
underactuated vehicles.
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