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Abstr act

Object tracking based on multiple models has been recently advocated as a way to tackle

sudden changes of shape or motion parameters. This paper addresses the estimation of time-

varying parameters described by a bank of shared state stochastic models, switched according to

a probabilistic mechanism (hidden M arkov chain). A state estimation algorithm is proposed,

based on the propagation of Gaussian mixtures in a multi-model framework. F or preventing

mode explosion a pruning strategy combining mode elimination and merging is used. This is

shown to be better than employing either just elimination or merging. E xamples dealing with

image processing of moving objects are provided.
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1 I ntr oduction

Tr a c kin g o b je c t s wit h t im e -va r yin g s h a p e s is a c h a lle n g in g p r o b le m . Th r e e p o in t s m a ke t h is

p r o b le m d iffi c u lt : t h e d e p e n d e n c e o f t h e o b je c t s h a p e o n t h e c a m e r a p o in t o f vie w; t h e s h a p e

c h a n g e s wh ic h o c c u r d u r in g t h e e xp e r im e n t ; a n d t h e e xis t e n c e o f c o m p le x m o t io n t r a je c t o r ie s

a n d d yn a m ic s . Th e fi r s t d iffi c u lt y a r is e s e ve n in t h e c a s e o f s t a t ic s h a p e a n a lys is wh ile t h e

r e m a in in g d iffi c u lt ie s a r e c a u s e d b y o b je c t o r c a m e r a m o t io n . In t h e s t a t ic c a s e , t h e u s e o f

m u lt ip le m o d e ls h a s b e e n a d vo c a t e d b y a n u m b e r o f r e s e a r c h e r s , e.g. [5 , 6 , 1 7 , 2 2 ]. A t yp ic a l

e xa m p le is t h e r e p r e s e n t a t io n o f t h e o b je c t a s a lin e a r c o m b in a t io n o f m u lt ip le vie ws le a d in g

t o t h e c o n c e p t o f s h a p e s u b s p a c e . Th r e e vie ws a r e e n o u g h t o r e p r e s e n t a r ig id o b je c t u n d e r

o r t h o g r a p h ic p r o je c t io n , if n o o c c lu s io n o c c u r s [2 2 ]. Mo r e vie ws a r e n e e d e d t o a vo id t h e e ffe c t

o f o c c lu s io n s a n d t o d e a l wit h n o n -r ig id o b je c t s [5 ]. Th e m o d e l vie ws a r e e it h e r s p e c ifi e d b y

t h e u s e r , b y s e le c t in g a s e t o f t yp ic a l im a g e s o f t h e o b je c t , o r t h e y a r e o b t a in e d b y t r a in in g

p r o c e d u r e s ( e.g., u s in g P r in c ip a l Co m p o n e n t A n a lys is [6 , 1 7 ]) .

Th e s e p r in c ip le s c a n b e e xt e n d e d t o d e a l wit h m o vin g o b je c t s in vid e o s e qu e n c e s . W h e n

a n o b je c t u n d e r g o e s m o t io n o r s h a p e d e fo r m a t io n d u r in g t h e o b s e r va t io n in t e r va l, it is o ft e n

r e p r e s e n t e d a s a s e qu e n c e o f vie ws o r p r e -d e fi n e d im a g e fe a t u r e s s u c h a s c o r r e la t io n t yp e fe a t u r e s

[8 ], c o r n e r s , s t r o ke s [1 0 ] o r s ilh o u e t t e s [5 ]. Tim e d e p e n d e n c e a m o n g c o n s e c u t ive vie ws o r fe a t u r e s

is e xp lo it e d b y D TW ( D yn a m ic Tim e W a r p in g ) [7 ], h id d e n Ma r ko v m o d e ls o r b y s yn t a c t ic

P a t t e r n R e c o g n it io n m e t h o d s . Th e s e a p p r o a c h e s h a ve b e e n e xt e n s ive ly s t u d ie d in t h e s c o p e o f

H u m a n -m a c h in e in t e r fa c e a n d a c t ivit y r e c o g n it io n [7 , 2 4 , 2 3 ].

P r e vio u s wo r ks r e p r e s e n t t h e o b je c t m o t io n a s a s e qu e n c e o f s t a t ic m o d e ls , e.g., vie ws o r
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im a g e fe a t u r e s . A d iffe r e n t a p p r o a c h is a d o p t e d h e r e . Th e d a t a is r e p r e s e n t e d b y a s e qu e n c e

o f m o d e ls a s b e fo r e , b u t d yn a m ic m o d e ls a r e u s e d in s t e a d : t h e vid e o s e qu e n c e is a p p r o xim a t e d

b y a lib r a r y o f s t o c h a s t ic d yn a m ic m o d e ls s wit c h e d a c c o r d in g t o a p r o b a b ilis t ic r u le . Th is

t yp e o f s ys t e m s is u s e d in Co n t r o l t h e o r y t o r e p r e s e n t a b r u p t c h a n g e s in in d u s t r ia l p la n t s

[2 1 , 1 8 ] a s we ll a s in o t h e r p r o b le m s [4 ], in c lu d in g t a r g e t t r a c kin g fo r s u r ve illa n c e [2 , 9 ] b u t

lit t le wo r k h a s b e e n d o n e t o u s e t h e m in t h e d yn a m ic s c e n e a n a lys is . A r e c e n t s t e p in t h is

d ir e c t io n is t h e wo r k [1 2 ] b a s e d o n t h e u s e o f n o n p a r a m e t r ic m e t h o d s t o d e a l wit h m u lt ip le

m o t io n m o d e ls . D is c o n t in u o u s c h a n g e s o f t h e o b je c t s h a p e d u r in g t r a c kin g o p e r a t io n s h a ve

b e e n r e c e n t ly a d d r e s s e d in [1 1 ] u s in g t h e s o -c a lle d wo r m h o le s . Th is wo r k is a g a in b a s e d o n n o n

p a r a m e t r ic d e s c r ip t io n s o f t h e p r o b a b ilit y d is t r ib u t io n s .

Th is p a p e r h a s t h e s a m e g o a l. H o we ve r a d iffe r e n t a p p r o a c h is a d o p t e d s in c e t h e a posteriori

d is t r ib u t io n o f t h e u n kn o wn p a r a m e t e r s is r e p r e s e n t e d b y a m ixt u r e o f Ga u s s ia n s . Th is le a d s

t o a p a r a m e t r ic a n d o p t im a l u p d a t e o f t h e a posteriori d e n s it y. Fu r t h e r m o r e , it is s h o wn t h a t

s wit c h e d m o d e ls a r e a u s e fu l t o o l t o t r a c k r a p id s h a p e t r a n s it io n s . Th e u s e o f m u lt ip le m o d e ls

wit h s h a r e d s t a t e [1 6 ] a llo ws t o t a c kle c o m p le x s h a p e s a n d n o n lin e a r o r c h a n g in g d yn a m ic s

b y c o m b in in g s im p le lo c a l m o d e ls . Th e o ve r a ll a lg o r it h m c o m p le xit y is t h u s r e d u c e d . Fu r t h e r

s im p lifi c a t io n m a y a ls o b e a c h ie ve d b y p r u n in g le a s t s ig n ifi c a n t m o d e s o f t h e d e n s it y a c c o r d in g

t o s u it a b le c r it e r ia . A s s h o wn b e lo w, b o t h p r o c e d u r e s c a n b e c o m b in e d wit h a d va n t a g e . Th is

r e s u lt s in s u b o p t im a l a lg o r it h m s .

Th e p a p e r is o r g a n is e d a s fo llo ws . S e c t io n 2 p r o vid e s a b a c kg r o u n d o n m u lt i-m o d e l d yn a m ic

s ys t e m s . Th e d a t a s e qu e n c e is d e s c r ib e d a s t h e o u t p u t o f a b a n k o f lin e a r s ys t e m s e qu ip p e d

wit h a s wit c h in g m e c h a n is m . Th e e s t im a t io n o f t h e o u t p u t s a n d s wit c h in g s c h e d u le is a d d r e s s e d
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in S e c t io n 3 . S e c t io n 4 d e s c r ib e s t h e a p p lic a t io n o f s wit c h e d s h a r e d s t a t e fi lt e r s in t h e c o n t e xt

o f o b je c t t r a c kin g . S e c t io n 5 p r e s e n t s e xp e r im e n t a l r e s u lt s a n d s e c t io n 6 c o n c lu d e s t h e p a p e r .

2 Switched Dynamic Systems

L e t xt ∈ Rn d e n o t e t h e va r ia b le s t o b e e s t im a t e d a n d kt ∈ {1 , . . . ,M} t h e la b e l o f t h e d y-

n a m ic / s e n s o r m o d e l wh ic h d e s c r ib e s t h e e vo lu t io n o f t h e p r o c e s s va r ia b le s a t t h e in s t a n t t

( d is c r e t e va r ia b le ) . Th is m e a n s t h a t t h e d a t a is a s s u m e d t o b e g e n e r a t e d b y o n e ( n u m b e r e d

kt ) o f s e ve r a l s ys t e m s d iffe r in g e it h e r in d yn a m ic s o r o b s e r va t io n m o d e l. Two e xa m p le s fu r -

t h e r a d d r e s s e d b e lo w a r e a m o vin g h a n d m a kin g s ig n s a n d m o vin g lip s . In b o t h c a s e s t h e r e is

n o t ic e a b le s h a p e d e fo r m a t io n .

Th e h yb r id s t a t e is d e fi n e d b y t h e p a ir zt = ( xt, kt ) . Th e fi r s t c o m p o n e n t , xt, is a s t a t e

ve c t o r s h a r e d b y a ll p o s s ib le lo c a l m o d e ls . Th e s e c o n d , kt, d e n o t e s t h e in d e x o f t h e m o d e l

c u r r e n t ly g e n e r a t in g d a t a . Th e h yb r id s t a t e s u m m a r is e s a ll t h e p a s t in fo r m a t io n n e e d e d t o

g e n e r a t e fu t u r e r e a lis a t io n s o f t h e s t o c h a s t ic p r o c e s s e s xt, kt. E s t im a t e s a r e m a d e o n t h e b a s is

o f m e a s u r e d va r ia b le s , yt, wh ic h a r e in s t a n t a n e o u s o b s e r va t io n s o f t h e s t a t e va r ia b le s . Fig u r e

1 s u m m a r is e s t h e d ir e c t d e p e n d e n c ie s a m o n g t h e s e va r ia b le s . A t t im e t, it is a s s u m e d t h a t t h e

in d e x kt d e p e n d s o n kt−1. Th e ve c t o r xt d e p e n d s o n xt−1 a n d kt. Fo r r e a s o n s t o d is c u s s b e lo w

a d e p e n d e n c y o n kt−1 is a ls o a s s u m e d . Th e o b s e r va t io n yt d e p e n d s o n kt a n d xt.

A s s u m in g t h a t zt is a fi r s t o r d e r Ma r ko v p r o c e s s , t h e n zt is c h a r a c t e r is e d b y t h e t r a n s it io n

d e n s it y p( zt/zt−1 ) . Th e t r a n s it io n d e n s it y c a n b e s p lit a s fo llo ws

p( zt/zt−1 ) = p( xt/kt, zt−1 ) p( kt/zt−1 ) . ( 1 )
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It will b e a s s u m e d t h a t kt is a Ma r ko v c h a in wit h t r a n s it io n m a t r ix T s u c h t h a t p( kt =

j/xt−1, kt−1 = i) = Tij. Th is m e a n s t h a t m o d e l s wit c h in g is in d e p e n d e n t o f p r e vio u s x va l-

u e s , p r o vid e d t h a t kt−1 is kn o wn ( Fig . 1 ) . In s t e a d o f d e fi n in g p( xt/kt, zt−1 ) d ir e c t ly, it is

a s s u m e d t h a t xt is t h e o u t p u t o f a s t o c h a s t ic d iffe r e n c e e qu a t io n

xt = Akt−1,ktxt−1 + bkt−1,kt
+ wt, ( 2 )

yt = Cktxt + dkt
+ vt ( 3 )

wh e r e wt, vt a r e in d e p e n d e n t Ga u s s ia n p r o c e s s e s : wt ∼ N ( 0 , Qkt−1,kt ) , vt ∼ N ( 0 , Rkt ) . E xp r e s -

s io n ( 2 ) is a s t o c h a s t ic d iffe r e n c e e qu a t io n wh o s e p a r a m e t e r m a t r ic e s A, b,Q d e p e n d o n kt a n d

kt−1.

In im a g e a n a lys is s p e c ia l a t t e n t io n m u s t b e p a id t o t r a n s it io n s , s in c e t h e r e is n o g u a r a n t e e

t h a t xt s h o u ld h a ve t h e s a m e m e a n in g o r e ve n t h e s a m e d im e n s io n fo r t wo d iffe r e n t va lu e s

o f kt ( s e e t h e c o m m e n t s a t t h e e n d o f e xa m p le 2 ) . Two c a s e s a r e c o n s id e r e d : i) s t e a d y s t a t e

o p e r a t io n ( kt = kt−1 ) c h a r a c t e r is e d b y M lin e a r s ys t e m s a n d ii) t r a n s it io n e p o c h s ( kt �= kt−1 )

wh ic h a r e d e s c r ib e d b y M( M-1 ) e qu a t io n s in o r d e r t o c o n s id e r a ll t h e a d m is s ib le t r a n s it io n s .

Two s im p le e xa m p le s illu s t r a t e t h e n e e d o f p r o b a b ilit y d e n s it ie s a s s o c ia t e d t o t r a n s it io n s .

E xample 1

Co n s id e r t wo s h a p e m o d e ls ( Fig . 2 a ) : t wo r e c t a n g le s o f d iffe r e n t le n g t h wh ic h h a ve n o t

b e e n a lig n e d . Th e o b je c t p r e s e n t in t h e im a g e c o r r e s p o n d s e it h e r t o t h e fi r s t o r t o t h e s e c o n d

m o d e l. L e t xt b e t h e r o t a t io n a n g le n e e d e d t o a lig n o n e o f t h e s h a p e m o d e ls wit h t h e o b je c t

o b s e r ve d in t h e im a g e . E ve r y t im e t h e m o d e l c h a n g e s in r e s p o n s e t o a c h a n g e in t h e o b je c t

b e in g o b s e r ve d , t h is m u s t b e c o m p e n s a t e d b y a ju m p in xt. Th is c a n b e d o n e b y a s s ig n in g
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bkt−1,kt a n a p p r o p r ia t e va lu e . Fig u r e 2 b s h o ws a s e qu e n c e o f o b s e r ve d s h a p e s a n d Fig . 2 c

t h e c o r r e s p o n d in g s t a t e t r a je c t o r y. A s e xp e c t e d , t h e s t a t e va r ia b le is d is c o n t in u o u s a t t h e

t r a n s it io n .

E xample 2

Co n s id e r ( Fig . 3 ) a m o vin g o b je c t wh o s e s h a p e a n d p o s it io n e vo lve a c c o r d in g t o t wo m o d e ls :

a n a ffi n e m o d e l u p t o t im e t0 a n d a t r a n s la t io n m o d e l fr o m t im e t0 o n . Th e s t a t e ve c t o r h a s a

d iffe r e n t n u m b e r o f c o m p o n e n t s in b o t h c a s e s ( s ix p a r a m e t e r s a r e n e e d e d fo r d e fi n in g a n a ffi n e

t r a n s fo r m wh ile o n ly t wo h a ve t o b e s p e c ifi e d in t h e c a s e o f t r a n s la t io n m o t io n ) .

A s s u m in g a W ie n e r m o d e l fo r t h e e vo lu t io n o f t h e c o e ffi c ie n t s , m a t r ix A is a 6 × 6 id e n t it y

m a t r ix u p t o t im e t0 − 1 a n d a 2 × 2 id e n t it y m a t r ix fr o m t im e t0 + 1 o n . A t t h e t r a n s it io n

in s t a n t , m a t r ix A is 2 × 6 m a t r ix. Ch o o s in g t h is m a t r ix d e p e n d s o n b o t h t h e in d ic e s kt a n d

kt−1. Th is a llo ws t o u s e s t a t e ve c t o r s wit h d iffe r e n t d im e n s io n s a n d t o p e r fo r m a p p r o p r ia t e

s wit c h in g b e t we e n t h e c o r r e s p o n d in g s t a t e s p a c e s a n d p r o b a b ilit y d e n s it y fu n c t io n s d e fi n e d in

t h o s e s p a c e s . In t h is c a s e , A is n o lo n g e r a s qu a r e m a t r ix. It is r e m a r ke d t h a t t h e t e m p la t e

m u s t b e u p d a t e d a t t h e b e g in n in g o f e a c h t r a n s it io n a m o n g m o d e ls .

A n a lt e r n a t ive wo u ld b e t o fr e e z e s o m e p a r a m e t e r s o f t h e h ig h d im e n s io n r e p r e s e n t a t io n

( e .g ., a ffi n e ) wh e n a lo we r d im e n s io n a l m o d e l ( e .g ., t r a n s la t io n ) is t o b e u s e d . Fig . 4 s h o ws

a n e xa m p le in wh ic h a s qu a r e , wh o s e o b s e r va t io n s a r e c o r r u p t e d b y n o is e ( Fig . 4 a ) , fo llo ws

a s e qu e n c e o f s t r a ig h t a n d c u r ve d p a t h s . Th e o u t p u t o f t h e t r a c ke r s e g m e n t in g b o t h t yp e s o f

m o ve m e n t s is s h o wn in Fig . 4 ( b ) .
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3 Density P r opagation

D e n s it y p r o p a g a t io n m a y b e p e r fo r m e d e it h e r b y a n o p t im a l o r a s u b o p t im a l a lg o r it h m . In t h e

c a s e o f o p t im a l a lg o r it h m s a ll t h e m ixt u r e m o d e s a r e p r o p a g a t e d . Th is le a d s t o a n e xp o n e n t ia l

in c r e a s e o f c o m p le xit y. P r u n in g le a s t s ig n ifi c a n t m o d e s o f t h e d e n s it y a c c o r d in g t o a s u it a b le

c r it e r io n r e s u lt s in s u b o p t im a l a lg o r it h m s .

3.1 Optimal Algor ithm

Th e m a in qu e s t io n wh ic h h a s t o b e a d d r e s s e d is t h e fo llo win g : g ive n a s e t o f o b s e r va t io n s

Yt = ( y1, . . . , yt ) , wh a t is t h e p o s t e r io r d e n s it y p( zt/Yt ) ? Fr o m t h is , we c a n e s t im a t e zt, e.g.,

u s in g t h e MA P c r it e r io n .

U s in g t h e la w o f t o t a l p r o b a b ilit ie s , t h e a posteriori d e n s it y is g ive n b y

p( zt/Yt ) =
∑

Kt−1

p( xt,Kt/Yt ) =
∑

Kt−1

cKt
p( xt/Zt ) ( 4 )

wh e r e Kt = ( k1, . . . , kt ) is t h e m o d e l la b e l s e qu e n c e , Zt = ( z1, . . . , zt ) is t h e h yb r id s t a t e

s e qu e n c e a n d cKt
= P ( Kt/Yt ) . Th e d e n s it y p( xt/Zt ) , wh ic h c o r r e s p o n d s t o t h e c a s e o f kn o wn

d yn a m ic a n d s e n s o r m o d e ls is n o r m a l N ( x̂Kt
, PKt

) wit h m e a n x̂Kt
a n d c o va r ia n c e m a t r ix PKt

,

u p d a t e d b y K a lm a n fi lt e r in g [2 ]. Th e r e fo r e , p( zt/Yt ) is a m ixt u r e o f Ga u s s ia n s , e a c h o f t h e m

is a s s o c ia t e d t o a s p e c ifi c m o d e l s e qu e n c e Kt. S in c e Kt ∈ {1 , . . . ,M}t, t h e r e a r e M t d iffe r e n t

m o d e l s e qu e n c e s a n d t h e m ixt u r e will h a ve M t c o m p o n e n t s .

Th e c o m p u t a t io n o f t h e m e a n a n d c o va r ia n c e o f e a c h c o m p o n e n t is o r g a n is e d in a t r e e

s t r u c t u r e wh e r e e a c h b r a n c h c o r r e s p o n d s t o a n it e r a t io n o f a K a lm a n fi lt e r ( s e e fi g . 5 ) . Th is

o p t im a l s t r u c t u r e c a n n o t b e d ir e c t ly im p le m e n t e d a n d s o m e c o m p le xit y r e d u c t io n s c h e m e s h a ve

7



t o b e d e vis e d t o a vo id t h e c o m b in a t o r ia l e xp lo s io n .

Co n s id e r n o w t h e c o m p u t a t io n o f t h e m ixin g p a r a m e t e r s cKt
= P ( Kt/Yt ) . S in c e t h e m o d e l

s e qu e n c e is a Ma r ko v c h a in wit h t r a n s it io n p r o b a b ilit ie s Tij, t h e m ixin g p a r a m e t e r s c a n b e

r e c u r s ive ly u p d a t e d ( s e e A p p e n d ix 1 ) b y

cKt
= αTkt−1,ktG( yt ) cKt−1

( 5 )

wh e r e G is a Ga u s s ia n d e n s it y fu n c t io n ( s e e A p p e n d ix 1 ) a n d α is a c o n s t a n t o b t a in e d fr o m t h e

n o r m a lis a t io n c o n d it io n
∑
cKt

= 1 . A s e xp la in e d b e fo r e , t h e r e is a m ixt u r e m o d e a s s o c ia t e d

t o e a c h t r e e n o d e . Th e a lg o r it h m u s e d t o c o m p u t e t h e p a r a m e t e r s a s s o c ia t e d t o e a c h n o d e is

s u m m a r is e d in Ta b le I.

3.2 Sub-optimal Algor ithms

In p r a c t ic e , t h e n u m b e r o f c o m p o n e n t s o f t h e Ga u s s ia n m ixt u r e c a n n o t g r o w t o in fi n it y a n d m u s t

b e lim it e d . S e ve r a l s t r a t e g ie s h a ve b e e n p r o p o s e d fo r t h is s a ke in Co n t r o l lit e r a t u r e [2 1 ]. In t h is

p a p e r , t wo m e t h o d s a r e u s e d t o a c h ie ve t h is g o a l: c o m p o n e n t e lim in a t io n a n d m e r g in g . Th e

fi r s t m e t h o d d is c a r d s c o m p o n e n t s wit h m ixin g p a r a m e t e r s , cKt
, s m a lle r t h a n a g ive n t h r e s h o ld

( e.g., Te =
−3 ) . Th e s e c o m p o n e n t s p r o d u c e a n e g lig ib le c o n t r ib u t io n t o t h e m ixt u r e d e n s it y. Th e

s e c o n d m e t h o d t r ie s t o a vo id m u lt ip le c o m p o n e n t s wit h c lo s e d e n s it ie s b y m e r g in g t h e n in t o

a s in g le c o m p o n e n t . Th e d ive r g e n c e is u s e d fo r d e c id in g wh e t h e r t wo c o m p o n e n t s a r e s im ila r

( t h e d ive r g e n c e is c o m p u t e d fo r a ll p a ir s o f c o m p o n e n t s ; t h e p a ir wit h s m a lle s t d ive r g e n c e is

m e r g e d if t h e d ive r g e n c e is b e lo w a g ive n t h r e s h o ld Tm; t h e p r o c e s s c o n t in u e s u n t il t h e r e is n o

p a ir m e e t in g t h e m e r g in g c o n d it io n s ) . H e r e , d ive r g e n c e is d e fi n e d a s in [1 9 ]. A c c o r d in g ly, t h e

8



d ive r g e n c e b e t we e n t wo n o r m a l d is t r ib u t io n s , N ( µ,P ) , N ( µ′, P ′ ) is g ive n b y [1 9 ]

D = 1

2
( µ− µ′ ) T ( P−1 + P ′−1 ) ( µ− µ′ ) + 1

2
tr{P−1P ′ + P ′−1P − 2 I} ( 6 )

A n o t h e r p o s s ib ilit y wo u ld b e t o e m p lo y K u llb a c k-L le ib le r d ive r g e n c e . A s im ila r c r it e r io n is u s e d

in [1 4 ] t o a p p r o xim a t e a p e r io d ic fu n c t io n b y a Ga u s s ia n m ixt u r e in t h e c o n t e xt o f n o n lin e a r

p h a s e e s t im a t io n .

3.3 E xample

A n e xa m p le illu s t r a t in g d e n s it y p r o p a g a t io n wit h t h e s u b o p t im a l a lg o r it h m d e s c r ib e d is n o w

g ive n .

E xample 3

Co n s id e r t wo p o in t t a r g e t s m o vin g o n a lin e wit h r a n d o m ve lo c it y ( Fig . 6 ) . S u p p o s e t h e r e

is a s e n s o r wh ic h p r o vid e s t h e c o o r d in a t e s o f o n e o f t h e p o in t s ( we d o n o t kn o w wh ic h ) a t e a c h

in s t a n t o f t im e a n d t h e m e a s u r e m e n t is c o r r u p t e d b y n o is e . W e wis h t o e s t im a t e t h e lo c a t io n

o f both p o in t s a t every in s t a n t o f t im e fr o m t h e n o is y o b s e r va t io n s .

Th is is a s t a t e e s t im a t io n p r o b le m wit h in t e r r u p t e d o b s e r va t io n s wh ic h c a n b e fo r m u la t e d

u s in g m u lt ip le m o d e ls . Th e s t a t e ve c t o r x = ( x1, x2 ) c o n t a in s t h e p o in t s ’ c o o r d in a t e s . It will

b e a s s u m e d t h a t t h e p o in t s lo c a t io n s a r e t h e o u t p u t s o f t h e s t o c h a s t ic e qu a t io n

xt =




0 .9 9 5 0

0 0 .8 5


xt−1 + wt ( 7 )
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wh e r e wt ∼ N ( 0 ,Q) , Q = diag ( 0 .5 , 4 ) a n d t h e s e n s o r e qu a t io n s a r e

Model 1 : yt = [1 0 ]xt + vt

Model 2 : yt = [0 1 ]xt + vt

( 8 )

wit h vt ∼ N ( 0 , 0 .3 ) . Th e m o d e l t r a n s it io n s a r e d e s c r ib e d b y a Ma r ko v c h a in wit h t r a n s it io n

m a t r ix T ( T11 = T22 = 0 .9 ) . Th is s t a t e d yn a m ic m o d e l is c o n s t a n t in t im e b u t o b s e r va t io n s a r e

m o d e le d e it h e r b y m o d e l 1 o r m o d e l 2 . It is n o t a priori kn o wn wh ic h o f t h e s e m o d e ls is a c t ive

a t a g ive n t im e .

Fig u r e 7 s h o ws t h e o u t p u t o f t h e s t a t e e s t im a t io n a lg o r it h m d e s c r ib e d in t a b le I fo r a s in g le

e xp e r im e n t . Fig u r e 7 a s h o ws t h e o b s e r va t io n s a va ila b le t o lo c a t e t h e p o in t s ( t r y t o g u e s s t h e ir

m o t io n fr o m t h is g r a p h ic o n ly) . Fig u r e 7 b s h o ws wh ic h t a r g e t is m e a s u r e d a t e a c h t im e in s t a n t

( s o lid lin e ) a n d t h e m o s t p r o b a b le va lu e o f kt c o m p u t e d fr o m t h e m ixt u r e c o e ffi c ie n t s ( d o t t e d

lin e ) . Th e e vo lu t io n o f t h e s t a t e c o m p o n e n t s , x1, x2, ( s o lid lin e ) a n d t h e ir MA P e s t im a t e s

( d o t t e d lin e ) a r e d is p la ye d in Fig . 7 c ,d . Th is e xp e r im e n t s h o ws t h a t t h e a lg o r it h m m a n a g e s t o

lo c a t e b o t h t a r g e t s a n d t o g u e s s wh ic h t a r g e t is b e in g s e n s e d , m o s t o f t h e t im e . Fin a lly, Fig s .

7 e -i s h o w t h e d e n s it y fu n c t io n ( Ga u s s ia n m ixt u r e ) p( xt, kt/Yt ) , kt = 1 , 2 fo r t h e fi r s t 5 in s t a n t s

a s we ll a s t h e t r u e s t a t e va lu e ( ve r t ic a l lin e ; r e m a r k t h e lin e is s o m e t im e s h id d e n b y t h e s t a t e

d e n s it y fu n c t io n ) . Th e b e s t m o d e l s e qu e n c e e s t im a t e d fr o m Fig . 7 e -h is g ive n b y t h e s e qu e n c e

o f in d ic e s 1 1 2 2 2 wh ic h a g r e e s wit h Fig . 7 b .

To a s s e s s t h e p e r fo r m a n c e o f p r u n in g , t h e t wo -p o in t p r o b le m wa s s o lve d c o n s id e r in g fo u r

s t r a t e g ie s :

i) n o p r u n in g

ii) m o d e e lim in a t io n ( t h r e s h o ld Te = 1 0 −3 ) ,

1 0



iii) m o d e m e r g in g ( t h r e s h o ld Tm = 5 × 1 0 −2 ) a n d

iv) m o d e m e r g in g a n d e lim in a t io n ( t h r e s h o ld s Te = 1 0 −3, Tm = 5 × 1 0 −2 ) .

In a ll t h e s e e xp e r im e n t s t h e m a xim u m n u m b e r o f m o d e s a llo we d wa s 2 0 0 . W h e n t h e lim it

is e xc e e d e d t h e m ixt u r e m o d e s wit h s m a lle s t c o e ffi c ie n t s a r e d is c a r d e d .

Th e a posteriori d e n s it y wa s p r o p a g a t e d u s in g t h e a lg o r it h m d e s c r ib e d in t h is p a p e r d u r in g

t h e fi r s t 1 0 0 in s t a n t s . Th e m ixt u r e d e n s it ie s o b t a in e d wit h p r u n in g ( c a s e s ii, iii, iv) a r e c o m p a r e d

wit h t h e d e n s it y o b t a in e d wit h o u t p r u n in g ( c a s e i) Th e d iffe r e n c e wa s e va lu a t e d u s in g t h e

d ive r g e n c e [1 9 ]

d( p1, p2 ) =
1

2

∫
( p1 ( x) − p2 ( x) ) lo g

p1 ( x)

p2 ( x)
dx ( 9 )

S in c e t h e r e is n o c lo s e d fo r m e xp r e s s io n fo r t h e d ive r g e n c e b e t we e n t wo m ixt u r e s o f Ga u s -

s ia n s , Mo n t e Ca r lo t e c h n iqu e s we r e u s e d in s t e a d t o e va lu a t e t h e in t e g r a l.

E qu a t io n ( 9 ) c a n b e r e wr it t e n a s a s u m o f t h e e xp e c t e d va lu e s o f a p p r o p r ia t e lo g fu n c t io n s

( K u llb a c k-L e ib le r d ive r g e n c e s )

d( p1, p2 ) =
1

2

∫
p1 ( x) lo g

p1 ( x)

p2 ( x)
dx+

1

2

∫
p2 ( x) lo g

p2 ( x)

p1 ( x)
dx ( 1 0 )

It is r e m a r ke d t h a t in t h e s p e c ia l c a s e o f Ga u s s ia n d is t r ib u t io n s t h is r e d u c e s t o ( 6 ) .

E a c h in t e g r a l wa s c o m p u t e d in t wo s t e p s . Fir s t , 1 0 5 r e a lis a t io n s o f t h e va r ia b le x we r e

s a m p le d fr o m t h e d e n s it y p1 ( viz. p2 ) . Th e n t h e a ve r a g e va lu e o f lo g p1/p2 ( viz. lo g p2/p1 ) wa s

c o m p u t e d .

Fig . 8 ( a ) s h o ws t h e n u m b e r o f m o d e s a n d ( b ) t h e d ive r g e n c e o b t a in e d b y t h e d iffe r e n t
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p r u n in g s t r a t e g ie s c o n s id e r e d . A s s e e n , t h e c o m b in a t io n o f m e r g in g a n d e lim in a t io n a lwa ys

yie ld s t h e s m a lle s t n u m b e r o f m o d e s . A ve r a g e va lu e s a r e s e e n in Ta b le II.

Th e s im u lt a n e o u s u s e o f m o d e e lim in a t io n a n d m e r g in g is c le a r ly b e t t e r t h a n e a c h o f t h e m

u s e d in is o la t io n . A s s e e n fr o m t h e t a b le , e lim in a t io n +m e r g in g is a lm o s t a s c lo s e t o p r u n in g

t h a n ju s t e lim in a t io n a n d m u c h c lo s e r t h a n ju s t m e r g in g . Th e c o m b in a t io n o f e lim in a t io n a n d

m e r g in g r e qu ir e s h o we ve r le s s t h a n fo u r t im e s t h e n u m b e r o f m o d e s if e it h e r t h e e lim in a t io n

o r m e r g in g is u s e d in is o la t io n . In d e e d , in t h is e xa m p le , ve r y g o o d r e s u lt s a r e a c h ie ve d wit h

a p p r o xim a t e ly 1 0 m o d e s ( 5 m o d e s p e r m o d e l) .

Fig . 9 p r o vid e s a vis u a l illu s t r a t io n o f t h is fa c t . W h ile b o t h d e n s it ie s a r e s e e n a s qu it e

s im ila r ( a ) wa s o b t a in e d wit h 1 0 0 Ga u s s ia n s a n d ( b ) wit h ju s t 8 Ga u s s ia n s , s e le c t e d b y t h e

m e r g in g +e lim in a t io n m e t h o d .

4 Application to T r acking

Th e m e t h o d s c o n s id e r e d in s e c t io n 3 m a y b e a p p lie d t o a va r ie t y o f p r o b le m s . Th is s e c t io n

s p e c ia lis e s t h e s e m e t h o d s fo r t r a c kin g o f m o vin g o b je c t s wh o s e s h a p e a n d d yn a m ic s c h a n g e in

t im e .

4.1 Dynamic Shape M odeling

Co n s id e r a n im a g e s e qu e n c e o f a m o vin g o b je c t . W e wis h t o e s t im a t e t h e e vo lu t io n o f t h e

s h a p e a n d m o t io n p a r a m e t e r s . B y s h a p e it is m e a n t e it h e r t h e o u t e r b o u n d a r y o f t h e o b je c t o r

a s e t o f s t r o ke s . Th e r e a r e s e ve r a l wa ys t o r e p r e s e n t s h a p e a n d m o t io n e vo lu t io n a s t h e o u t p u t
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o f s t o c h a s t ic d iffe r e n c e e qu a t io n s . In t h is p a p e r , it is a s s u m e d t h a t t h e e d g e s d e t e c t e d in t h e

im a g e a r e t r a n s fo r m e d ve r s io n s o f a s e t o f r e fe r e n c e ( m o d e l) s t r o ke s . E a c h s t r o ke is a c u r ve in

R2, r e p r e s e n t e d b y a c o n t in u o u s fu n c t io n d e fi n e d o n a n in t e r va l I ⊂ R [3 ]. L e t ct : I → R2 b e a

p a r a m e t r ic r e p r e s e n t a t io n o f t h e c u r ve d e t e c t e d in t h e t-t h im a g e a n d ci : I → R2, i = 1 , . . . ,M ,

t h e p a r a m e t r ic r e p r e s e n t a t io n o f t h e r e fe r e n c e c u r ve s a s s o c ia t e d wit h M s h a p e m o d e ls . It is

a s s u m e d t h a t

ct = Ttc
kt + v ( 1 1 )

wh e r e Tt is a g e o m e t r ic t r a n s fo r m , kt ∈ {1 , . . . ,M} is t h e m o d e l la b e l a n d v is a n o is e c u r ve .

Th e g e o m e t r ic t r a n s fo r m Tt c o n ve ys m o t io n a n d d is t o r t io n in fo r m a t io n . S e ve r a l t r a n s fo r m s

a r e c o n s id e r e d in t h is p a p e r . Th e a ffi n e t r a n s fo r m is a p o p u la r c h o ic e s in c e it p r o vid e s e n o u g h

fl e xib ilit y t o r e p r e s e n t t h e m o t io n o f p la n a r a n d e ve n t r i-d im e n s io n a l o b je c t s u n d e r o r t h o g r a p h ic

p r o je c t io n [2 2 ]. Fo r t h e s a ke o f s im p lic it y, it will b e a s s u m e d t h a t Tt is e it h e r a t r a n s la t io n o r

a n a ffi n e t r a n s fo r m . Th e r e fo r e , t h e im a g e c u r ve ct ( s) = ( c1t, c2t ) ( wh e r e s is t h e p a r a m e t e r

c o r r e s p o n d in g t o t h e c u r ve p a r a m e t e r is a t io n c o n s id e r e d ) is g ive n b y

Tr a n s la t io n :

c1t ( s) = ckt1 ( s) + x1t + v1 ( s)

c2t ( s) = ckt2 ( s) + x2t + v2 ( s)

( 1 2 )

A ffi n e Tr a n s fo r m :

c1t ( s) = ckt1 ( s) x1t + ckt2 ( s) x2t + x3t + v1 ( s)

c2t ( s) = ckt1 ( s) x4t + ckt2 ( s) x5t + x6t + v2 ( s)

( 1 3 )
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wh e r e s ∈ I is a p a r a m e t e r wh ic h d e fi n e s t h e lo c a t io n o f a p o in t o n t h e s t r o ke , ck
t
( s) = ( ck

1t
, ck

2t
) ,

v ( s) = ( v1t, v2t ) a n d x1t, x2t ( t r a n s la t io n ) o r x1t, . . . , x6t ( a ffi n e ) a r e t h e m o t io n p a r a m e t e r s a t

in s t a n t t. It is n o t r e a lis t ic t o a s s u m e t h a t t h e wh o le c o n t o u r ct is kn o wn . In m a n y c a s e s ,

o n ly s a m p le s ct ( s1 ) , . . . , ct ( sm ) o f t h e im a g e s t r o ke s a r e e xt r a c t e d fr o m t h e t -t h im a g e , u s in g

a p p r o p r ia t e im a g e a n a lys is a lg o r it h m s [3 ]. Th e s e s a m p le s a r e t h e o b s e r va t io n s a va ila b le a t t im e

t wh ic h s h o u ld b e u s e d t o r e t r ie ve t h e o b je c t b o u n d a r y.

A s s u m in g t h a t t h e o b je c t m o ve s d u r in g t h e a c qu is it io n p r o c e s s , d yn a m ic e qu a t io n s h a ve t o

b e d e vis e d fo r d e s c r ib in g t h e e vo lu t io n o f t h e m o t io n p a r a m e t e r s . L e t

xt = [x1t, x2t, ẋ1t, ẋ2t]
T ( t r a n s la t io n m o d e l) o r ( 1 4 )

xt = [x1t, . . . , x6t, ẋ1t, . . . , ẋ6t]
T ( a ffi n e m o d e l) . ( 1 5 )

It is a s s u m e d t h a t xt is t h e o u t p u t o f a d iffe r e n c e e qu a t io n ( 2 ) .

L e t u s n o w c o n s id e r t h e s e n s o r m o d e l. Im a g e p r o c e s s in g p r o vid e s s a m p le s ct ( s1 ) , ..., ct ( sm ) .

L e t yt, cit, vt b e 2 m × 1 ve c t o r s wit h t h e c o o r d in a t e s o f a ll s a m p lin g p o in t s s t a c ke d in a s in g le

c o lu m n ( e.g., yt = [c1t ( s1 ) . . . c1t ( sm ) c2t ( s1 ) . . . c2t ( sm ) ]T ) . Th e n , ( 1 2 ,1 3 ) c a n b e wr it t e n a s ( 3 )

wh e r e

Tr a n s la t io n :

Ci =




1 m×1 Om×1 Om×2

Om×1 1 m×1 Om×2


 ( 1 6 )

di = [ci
1t
( s1 ) . . . c

i

1t
( sm ) c

i

2t
( s1 ) . . . c

i

2t
( sm ) ]

T ( 1 7 )
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A ffi n e Tr a n s fo r m :

di = O2m×1 ( 1 8 )

Mi =




ci
1
( s1 ) ci

2
( s1 ) 1

...
...

...

ci
1
( sm ) ci

2
( sm ) 1




( 1 9 )

Ci =




M i Om×3 Om×6

Om×3 M i Om×6


 ( 2 0 )

In t h e t r a n s la t io n c a s e , m a t r ix Ci is s h a p e in d e p e n d e n t . S h a p e in fo r m a t io n in c o n ve ye d in

di wh ile in t h e c a s e o f t h e a ffi n e t r a n s fo r m s h a p e in fo r m a t io n is c o n t a in e d in Ci.

E qu a t io n s ( 2 -3 ) wit h t h e a b o ve d e fi n it io n s d e fi n e a s wit c h e d d yn a m ic s ys t e m wh ic h is a b le

t o r e p r e s e n t s u d d e n c h a n g e s o f s h a p e ( c h a n g e s a p p e a r in g in m a t r ic e s o f ( 3 ) ) , o r m o t io n ( c h a n g e s

a p p e a r in g in t h e m a t r ic e s o f ( 2 ) ) , o r b o t h , p r o vid e d t h a t t h e o b je c t a r e a p p r o xim a t e d b y o n e

o f t h e r e fe r e n c e s h a p e s .

4.2 Featur e Detection

It is a s s u m e d t h a t t h e s h a p e m o d e l is a t t r a c t e d b y fe a t u r e p o in t s d e t e c t e d in t h e im a g e . S e ve r a l

m e t h o d s a r e a va ila b le fo r d e t e c t in g im a g e fe a t u r e s , e.g., b y u s in g lin e s e a r c h in g a lo n g t h e

n o r m a l d ir e c t io n s a t s p e c ifi c c o n t o u r p o in t s [3 , 2 0 ] o r b y c o m p u t in g t h e d a t a c e n t r o id s u s in g

c o m p e t it ive le a r n in g m e t h o d s [1 ]. In a ll o f t h e s e , fe a t u r e d e t e c t io n r e qu ir e s a n e s t im a t e o f t h e

o b je c t s h a p e in t h e n e xt fr a m e ( p r e d ic t e d s h a p e ) . A m e a n s qu a r e e r r o r e s t im a t e o f t h e o b je c t

s h a p e ŷ−t = E{yt/Yt−1} is u s e d in t h is p a p e r . It is r e m a r ke d t h a t t h e d e t e c t e d fe a t u r e s d e p e n d
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o n t h e p r e d ic t e d s h a p e . In d e e d , o n ly t h e vic in it y o f t h e p r e d ic t e d c o n t o u r is u s u a lly c o n s id e r e d

b y fe a t u r e d e t e c t io n m e t h o d s . In o r d e r t o r e n d e r fe a t u r e d e t e c t io n m o r e in d e p e n d e n t wit h

r e s p e c t t o e s t im a t io n , s o m e a u t h o r s [1 2 ] u s e m u lt ip le p r e d ic t o r s .

S in c e t h e d e n s it y o f t h e p r e d ic t e d s t a t e , p( xt/Yt−1 ) , is a m ixt u r e o f Ga u s s ia n s , s h a p e p r e -

d ic t io n c a n b e wr it t e n a s fo llo ws ( s e e d e t a ils in A p p e n d ix 2 ) .

ŷ−
t
=

M∑
i=1

Cix̂
i−

t
+ di−

t
( 2 1 )

wh e r e

x̂i−
t

=
∑

Kt:kt=i

c−
Kt
x̂−
Kt

( 2 2 )

di−
t

= di
∑

Kt:kt=i

c−
Kt

( 2 3 )

c−
Kt

= Tkt−1ktcKt−1
( 2 4 )

In t h e la s t t h r e e e qu a t io n s , t h e s u m is p e r fo r m e d fo r a ll t h e la b e l s e qu e n c e s ( t r e e le a ve s ) , Kt,

s u c h t h a t kt = i.

S h a p e p r e d ic t io n p e r fo r m e d b y ( 2 1 ) is a we ig h t e d a ve r a g e o f t h e p r e d ic t e d s h a p e s a n d

m o t io n s p r o d u c e d b y e a c h o f t h e m o d e ls , we ig h t e d b y t h e m o d e l like lih o o d . Th is c o m b in e d

p r e d ic t o r b a s e d o n d iffe r e n t s h a p e m o d e ls is e a s ily c o m p u t e d a s s h o wn .

5 Results

Th e p r o p o s e d a lg o r it h m wa s u s e d fo r t r a c kin g m o vin g o b je c t s wit h s ig n ifi c a n t s h a p e c h a n g e s

in im a g e s e qu e n c e s . A s im p le d yn a m ic m o d e l wa s a d o p t e d t o d e s c r ib e t h e e vo lu t io n o f t h e
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m o t io n p a r a m e t e r s : t h e d e r iva t ive o f e a c h p a r a m e t e r is m o d e le d b y a W ie n e r p r o c e s s , le a d in g

t o a d yn a m ic e qu a t io n

xt =



I I

O I


xt−1 + wt ( 2 5 )

wh e r e xt ( xt ∈ R4 in t h e c a s e o f t r a n s la t io n , e xa m p le 4 b e lo w, xt ∈ R12 in t h e c a s e o f a ffi n e

t r a n s fo r m , e xa m p le 5 b e lo w, s e e d e fi n it io n s in e qu a t io n s [1 4 ,1 5 ]) is a s t a t e ve c t o r c o n t a in in g

t h e m o t io n p a r a m e t e r s a n d t h e ir d e r iva t ive s , I is t h e id e n t it y m a t r ix a n d O t h e n u ll m a t r ix. It

is a s s u m e d t h a t t h e o b je c t s h a p e in t h e fi r s t im a g e is kn o wn . Fo r e a c h n e w im a g e t h e fo llo win g

o p e r a t io n s a r e p e r fo r m e d :

• s h a p e p r e d ic t io n a c c o r d in g t o ŷ− = E{y/Yt−1};

• fe a t u r e d e t e c t io n b y c o n s t r a in e d c lu s t e r in g m e t h o d s [1 ];

• u p d a t e o f m ixt u r e c o m p o n e n t s a c c o r d in g t o t a b le I;

• c o m p o n e n t r e d u c t io n ;

• p a r a m e t e r e s t im a t io n u s in g t h e MA P m e t h o d .

E xample 4

Fig u r e 1 0 s h o ws e xa m p le s o f lip m o t io n e s t im a t e d wit h t h e a b o ve m u lt i-m o d e l t r a c kin g a lg o -

r it h m . Th r e e m o d e ls a r e c o n s id e r e d ( s e e Fig . 1 0 a ) . A t e a c h in s t a n t o f t im e t h e a lg o r it h m

m a n a g e s t o s e le c t t h e m o s t a p p r o p r ia t e m o d e l t o r e p r e s e n t t h e lip s a s we ll a s t h e m o t io n p a -

r a m e t e r s ( Fig . 1 0 b -h ) . L ip s a r e r e p r e s e n t e d b y 4 p a r a m e t e r s ( 2 t r a n s la t io n c o o r d in a t e s a n d

t h e ir d e r iva t ive s ) . Th e p r o p o s e d a lg o r it h m m a n a g e s t o p r o p a g a t e t h e a posteriori d is t r ib u t io n
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b y u s in g m ixt u r e s o f Ga u s s ia n s . Th e im a g e a n a lys is o p e r a t io n s n e e d e d t o e xt r a c t s h a p e in fo r -

m a t io n fr o m t h e o b s e r ve d im a g e s a r e b a s e d o n t h e c o n s t r a in e d c lu s t e r in g t e c h n iqu e s d e ve lo p e d

in [1 ]

E xample 5

Fig u r e 1 1 s h o ws t r a c kin g r e s u lt s o b t a in e d wit h a s e qu e n c e o f a m o vin g h a n d , a s s u m in g t h a t t h e

r e fe r e n c e s h a p e s a r e t r a n s fo r m e d a c c o r d in g t o a n a ffi n e m o d e l ( a 1 2 D s t a t e ve c t o r is u s e d in

t h is e xp e r im e n t ) . It is r e m a r ke d t h a t t h is e xa m p le c a n n o t b e t a c kle d b y t h e t r a n s la t io n m o d e l

s in c e t h e im a g e u n d e r g o e s r o t a t io n fr o m fr a m e t o fr a m e . Th r e e s h a p e m o d e ls a r e c o n s id e r e d a s

s h o wn in fi g . 1 1 a . Fig . 1 1 b -f d is p la ys t h e s e le c t e d s h a p e m o d e l t r a n s fo r m e d u s in g t h e e s t im a t e s

o f t h e a ffi n e p a r a m e t e r s . Th is e xa m p le illu s t r a t e s t h e a b ilit y o f t h e p r o p o s e d a lg o r it h m t o c o p e

wit h s ig n ifi c a n t s h a p e c h a n g e s , ke e p in g g o o d t r a c kin g c a p a b ilit y.

6 Conclusion

Th is p a p e r a d d r e s s e s t h e im a g e p r o c e s s in g p r o b le m o f t r a c kin g m o vin g o b je c t s wit h s ig n ifi c a n t

c h a n g e s o f s h a p e o r m o t io n d yn a m ic s . Th e p r o p a g a t io n o f t h e a posteriori d e n s it y is t h e m o s t

d iffi c u lt s t e p in t h is p r o c e d u r e a n d it is a c c o m p lis h e d b y u s in g Ga u s s ia n m ixt u r e s wh o s e p a -

r a m e t e r s a r e r e c u r s ive ly c o m p u t e d a t e a c h in s t a n t o f t im e . In o r d e r t o a vo id a c o m b in a t o r ia l

e xp lo s io n o f t h e n u m b e r o f m o d e s , m o d e p r u n in g is u s e d , a c c o r d in g t o s u it a b le c r it e r ia . It is

fo u n d t h a t t h e c o m b in a t io n o f m e r g in g a n d m o d e e lim in a t io n p r o vid e s a n a d e qu a t e d e s c r ip t io n

o f t h e a posteriori d e n s it y wh ile ke e p in g t h e n u m b e r o f m o d e s a n d c o n s e qu e n t ly t h e c o m p u t a -

t io n a l c o m p le xit y s m a ll. Th e p r o p o s e d a lg o r it h m is a p p lie d t o t h e e s t im a t io n o f o b je c t m o t io n
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a n d s h a p e in im a g e s e qu e n c e s , a s s u m in g t h a t s u d d e n c h a n g e s o f t h e o b je c t s h a p e o r m o t io n

m a y o c c u r d u r in g t h e e xp e r im e n t . W h ile n o n p a r a m e t r ic m e t h o d s c a n b e u s e d , e ffi c ie n t ly p r o p -

a g a t in g a d e n s it y o f a 1 2 D s p a c e is p e r fo r m e d , a s in e xa m p le 5 , wit h a d va n t a g e b y p a r a m e t r ic

m e t h o d s s u c h a s t h e o n e s c o n s id e r e d in t h is p a p e r .
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Appendix 1 - Computation of cK

A p p e n d ix 1 d e r ive s a r e c u r s ive a lg o r it h m fo r u p d a t in g t h e m ixin g c o e ffi c ie n t s o f a Ga u s s ia n

m ixt u r e fo r t h e p r o p a g a t io n o f t h e s t a t e d e n s it y fu n c t io n , a s s o c ia t e d wit h a s wit c h e d m u lt ip le

m o d e l s ys t e m . S in c e cKt
= P ( Kt/Yt ) , t h e n

cKt
=

P ( Yt,Kt )

P ( Yt )
=

1

P ( Yt )

∫
P ( Yt,Kt, xt ) dxt ( 2 6 )

=
1

P ( Yt )

∫
P ( yt/Yt−1,Kt, xt ) P ( Yt−1,Kt, xt ) dxt ( 2 7 )

=
1

P ( Yt )

∫
P ( yt/kt, xt ) P ( Yt−1,Kt, xt ) dxt ( 2 8 )

=
1

P ( Yt )

∫
P ( yt/kt, xt ) P ( kt/Yt−1,Kt−1, xt ) P ( Yt−1,Kt−1, xt ) dxt ( 2 9 )

S in c e kt is a Ma r ko v c h a in , P ( kt/Yt−1,Kt−1, xt ) = Tkt−1,kt a n d

cKt
=
Tkt−1,kt
P ( Yt )

∫
P ( yt/kt, xt ) P ( Yt−1,Kt−1, xt ) dxt ( 3 0 )

=
Tkt−1,kt
P ( Yt )

∫
P ( yt/kt, xt ) P ( xt/Yt−1,Kt−1 ) P ( Yt−1,Kt−1 ) dxt ( 3 1 )

= αTkt−1,ktcKt−1

∫
P ( yt/kt, xt ) P ( xt/Yt−1,Kt−1 ) dxt ( 3 2 )

wh e r e α = P ( Yt−1 ) /P ( Yt ) is t h e s a m e fo r a ll t h e c o m p o n e n t s . Th e in t e g r a l wh ic h r e m a in s t o b e

c o m p u t e d is we ll kn o wn : it is t h e in n o va t io n d e n s it y fu n c t io n N ( 0 , Pε ) , Pε = CktP
−CT

kt
+Rkt,

c o m p u t e d a t ε = yt −Cktx
−, wh ic h will b e d e n o t e d a s G( yt ) , fo r s im p lic it y. Th e r e fo r e ,

cKt
= αTkt−1ktG( yt ) cKt−1

( 3 3 )

a s we wis h e d .
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Appendix 2 - Output P r ediction

Th is a p p e n d ix d e r ive s t h e m e a n s qu a r e e r r o r p r e d ic t io n o f t h e o u t p u t o f a s wit c h e d m u lt ip le

m o d e l s ys t e m ŷ−t = E{yt/Yt−1}.

S in c e t h e la b e l s e qu e n c e Kt is u n kn o wn , t h e p r e d ic t e d o u t p u t c a n b e wr it t e n a s fo llo ws

ŷ−t =
∑
Kt

c−Kt
E{yt/Kt, Yt−1} ( 3 4 )

wh e r e c−Kt
= P ( Kt/Yt−1 ) . S in c e yt = Cktxt + dkt + vt, t h e n

ŷ−t =
∑
Kt

c−Kt
[Cktx̂

−

t + dkt] ( 3 5 )

wh e r e x̂−t = E{xt/Yt−1} is u p d a t e d a s s h o wn in Ta b le I.

S in c e m a t r ic e s Ckt, dkt d e p e n d o n t h e c u r r e n t la b e l kt o n ly, t h e s u m in ( 3 5 ) c a n b e r e o r g a n is e d

b y a s s o c ia t in g t h e t e r m s wit h t h e s a m e C, d m a t r ic e s . Th e r e fo r e

ŷ−t =
M∑
i=1

∑
Kt:kt=i

c−Kt
[Cix̂

−

t + di] =
M∑
i=1

Cix̂
i−
t + di−t ( 3 6 )

wh e r e

x̂i−t =
∑

Kt:kt=i

c−Kt
x̂−Kt

( 3 7 )

di−t = di
∑

Kt:kt=i

c−Kt
( 3 8 )

Th e p r e d ic t e d c o e ffi c ie n t s c−Kt
c a n b e r e c u r s ive ly c o m p u t e d a s fo llo ws

c−Kt
= P ( Kt/Yt−1 ) = P ( kt,Kt−1/Tt−1 ) = P ( kt/Kt−1, Tt−1 ) P ( Kt−1/Tt−1 ) ( 3 9 )

S in c e P ( kt/Kt−1, Tt−1 ) = Tkt−1kt, cKt−1
= P ( Kt−1/Tt−1 )

c−Kt
= Tkt−1ktcKt−1

, ( 4 0 )
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Fo r e a c h n o d e c r e a t e d a t in s t a n t t , u p d a t e t h e m e a n a n d c o va r ia n c e , a c c o r d in g t o t h e fo llo win g

s t e p s :

i) Prediction ii) Filtering

x̂− = Akt−1,ktx̂
′ + dkt−1,kt x̂ = x̂− +K ( yt −Ckt

x̂− )

K = P−CT
kt
( CktP

−CT
kt
+Rkt

) −1

P− = Akt−1,ktP
′AT

kt−1,kt
+Qkt−1,kt P = ( I −KCkt ) P

−

c− = Tkt−1,ktc
′ c = αG( yt ) c

−

wh e r e

( x̂, P, c)
�
= ( x̂Kt

, PKt
, cKt

) , ( x̂′, P ′, c′ )
�
= ( x̂Kt−1

, PKt−1
, cKt−1

) ,

Ta b le 1 : D e n s it y p r o p a g a t io n fo r a S wit c h e d D yn a m ic S ys t e m ( t r e e u p d a t e )

a ve r a g e n u m b e r o f m o d e s a ve r a g e d ive r g e n c e

e lim in a t io n 3 9 .5 0 .0 0 1 5

m e r g in g 4 4 .3 0 .0 0 4 3

m e r g in g + e lim in a t io n 9 .8 0 .0 0 1 6

Ta b le 2 : Co m p a r is o n o f p r u n in g r e s u lt s wit h t h e o n e s o b t a in e d wit h o u t p r u n n in g , u s in g 2 0 0

Ga u s s ia n s .
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Fig u r e 1 : H yb r id s t a t e m o d e l
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Fig u r e 2 : a ) r e fe r e n c e s h a p e s ; b ) im a g e s e qu e n c e c ) xt t r a je c t o r y
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Fig u r e 3 : Co m p u t a t io n o f t h e m ixt u r e c o m p o n e n t s
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Fig u r e 4 : Tr a c kin g wit h t wo m o t io n r e g im e s : a ) in p u t d a t a ( n o is y) ; b ) t r a c kin g r e s u lt s wit h

m o t io n la b e lin g
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Fig u r e 5 : Co m p u t a t io n o f t h e m ixt u r e c o m p o n e n t s

Fig u r e 6 : Mo vin g t a r g e t s
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Fig u r e 8 : P r u n in g m e t h o d s : a ) n u m b e r o f m o d e s ; b ) d ive r g e n c e b e t we e n p u n e d a n d u n p r u n e d

m ixt u r e s

−10
−5

0
5

10

−10

−5

0

5

10
0

0.05

0.1

0.15

( a )
−10

−5
0

5
10

−10

−5

0

5

10
0

0.05

0.1

0.15

( b )

Fig u r e 9 : Mixt u r e s : a ) wit h o u t p r u n in g ( 1 0 0 Ga u s s ia n s ) a n d b ) wit h p r u n in g ( 8 Ga u s s ia n s )
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Fig u r e 1 0 : L ip t r a c kin g a ) s h a p e m o d e ls b -h ) o r ig in a l ia m g e s a n d s h a p e e s t im a t e s
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Fig u r e 1 1 : Tr a c kin g r e s u lt s wit h r e a l d a t a . a ) s h a p e m o d e ls b -h ) s h a p e e s t im a t e s
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